Mathematica 11.3 Integration Test Results

Test results for the 1059 problems in "6.7.1 Hyperbolic functions.m"

Problem 8: Result more than twice size of optimal antiderivative.

JCosh[a +bx] Sinh[a+bx] dx

Optimal (type 3, 15leaves, 2 steps):
Sinh[a+bx]?

2b

Result (type 3, 37 leaves):

1 (Cosh[z a] Cosh[2bx] Sinh[2a] Sinh[2b x]
— +

2 2b 2b

Problem 24: Result more than twice size of optimal antiderivative.

JCsch [a+bx] Sech[a+bx] dx
Optimal (type 3, 11leaves, 2 steps):

Log[Tanh[a + bx]]
b

Result (type 3, 31leaves):
) 7Log[Cosh[a+bx}] Log[Sinh[a + b x]]
2b 2b

Problem 29: Result more than twice size of optimal antiderivative.
JCsch [a+bx]2Sech[a+bx] dx
Optimal (type 3, 24 leaves, 3 steps):

ArcTan[Sinh[a+bx]] Csch[a+bx]
b b

Result (type 3, 51leaves):

_2Ar‘cTan[Tanh[§ (a+bx)]] ) Coth[i (a+bx)] ) Tanh[% (a+bx)]

b 2b 2b
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Problem 39: Result more than twice size of optimal antiderivative.

JCsch[a +bx]%Sech[a+bx] dx

Optimal (type 3, 37 leaves, 4 steps):
ArcTan[Sinh[a+bx]] Csch[a+bx] Csch[a+bx]3

+

b b 3b

Result (type 3, 109 leaves):

2ArcTan[Tanh[% (a+bx)]] 7Coth[§ (a+bx)] Coth[i (a+bx) ] Csch[i (a+bx)]2

b 12b 24 b
7Tanh[Y (a+bx Sech[X (a+bx)|*Tanh[L (a+bx
[2 2 2

12b 24 b

Problem 49: Result unnecessarily involves higher level functions.

Sinh[a +bx]7/?
J— dx

Cosh[a+bx]7/?

Optimal (type 3, 106 leaves, 6 steps):

ArcTan [ :{Cosh[a+b x] ] ArcTanh [ :{Cosh[a+b X] ]
Sinh[a+b x] Sinh[a+b x] 2+/Sinh[a + b x] ZSinh[a+bx}5/2
_ + _ _
b b b+/Cosh[a+bx] 5bCosh[a+bx]>?

Result (type 5, 98 leaves):

2Sinh[a+bx]*?2 |5Cosh[a+bx]*Hypergeometric2F1|

3

3
4

Problem 50: Result unnecessarily involves higher level functions.
Jsinh[aerx}S/2

Cosh[a+bx]®%?

dx

Optimal (type 3, 81 leaves, 5steps):
ArcTan [ +/Sinh[a+b x] ] ArcTanh [ :{Sinh[a+b X]
Cosh[a+b x] Cosh[a+b x] 2Sinh[a+ bX]3/2
+ _

b b 3bCosh[a+bx]3?

Result (type 5, 85leaves):
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2Sinh[a+bx]3/2
3bCosh[a+bx]3?

(2 v/ Cosh[a+bx] Hyper‘geometr‘icZFl[

(b (-sinhfa+ bx]2)3/4)

5
=, Cosh[a+bx]?] Sinh[a+bx]3/2)/
4

)

FNQ

)

FNQU

Problem 51: Result unnecessarily involves higher level functions.

Sinh[a +bx]3/?
J— dx

Cosh[a+bx]3/?

Optimal (type 3, 79leaves, 5steps):

ArcTan| @] ArcTanh | @]
Sinh[a+b x] Sinh[a+bx] 2 \/m
7 b ) b b+/Coshia:bx]
Result (type 5, 85leaves):
2+/Sinh[a+bx]
b+/Cosh[a+bx]

)

(2 Cosh[a + b x]*2 Hypergeometric2Fl |

7 -
, —» Cosh[a+bx]?]| v/Sinh[a+bx]
4

/

»jw
N lw

(3 b (-sinhfa+ bx]2)1/4)

Problem 52: Result unnecessarily involves higher level functions.

Jx/Sinh [a+bx]
v/ Cosh[a+bXx]

Optimal (type 3, 54 leaves, 4 steps):
ArcTan [ :{ Sinh[a+b x] ] ArcTanh [ :{Sinh[a+b X] ]

Cosh[a+b x] Cosh[a+b x]

b b

dx

Result (type 5, 57 leaves):
- ( [2 v/ Cosh[a +bx] HypergeometricZFl[

) )

1 5
=, =, Cosh[a+bx}2]Sinh[a+bx]3/2]/
4 4

IS

(b (-sinh[a+ bx}2>3/4)

Problem 53: Result unnecessarily involves higher level functions.

J\/ Cosh[a +bx]
v/ Sinh[a + b x]

Optimal (type 3, 54 leaves, 4 steps):

dx
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Ar‘cTan[:{Cosh[mbx] ] Ar‘cTanh[ Cosh[a+b x] ]

Sinh[a+b x] Sinh[a+b x]
- +

b b

Result (type 5, 59 leaves):

i /

2 Cosh[a +bx]*?2Hypergeometric2Fi |

2

7 -
» —» Cosh[a+bx]2] +/Sinh[a +bx]
4

3
4

s w

(Bb (—Sinh[a+bx]2)1/4)

Problem 54: Result unnecessarily involves higher level functions.

Cosh[a+bx]3/?
J— dx

Sinh[a+bx]3/?

Optimal (type 3, 79leaves, 5 steps):

Ar‘cTan[ Sinh[a+b x] Ar‘cTanh[ Sinh[a+b x] ]
+/ Cosh[a+b x] Cosh[a+b x] 2+/Cosh[a+bx]
_ i _
b b b+/Sinh[a + b x]
Result (type 5, 83 leaves):
2+/Cosh[a+bx]
b+/Sinh[a +b x]
A 1 1 5 ) . 32
(2 \/Cosh[a +bx] Hypergeometric2F1 [ -, —, —, Cosh[a+bx] } Sinh[a+bx]3 )/
4 4 4

(b (-sinh[a+ bx]2)3/4)

Problem 55: Result unnecessarily involves higher level functions.

Cosh[a+bx]%?
J— dx

Sinh[a+bx]°%/?

Optimal (type 3, 81 leaves, 5steps):

ArcTan [ ~/ Cosh[a+b x] ] ArcTanh [ Cosh[a+b x] ]
\[sinh[a+bx] Ssinh(a+bx] 2 Cosh[a+bx]3/?
_ + _
b b 3bSinh[a+bx]3/?

Result (type 5, 83 leaves):
2Cosh[a+bx]32+/Sinh[a+bXx]

) )

7
4

»jw

(HypergeometricZFl [

5w

(3b (—Sinh[a+bx]2)5/4

_

, Cosh[a+bx]?] Sinh[a+bx]?+ (*Sinh[a+bx]2)1/4])/



Mathematica 11.3 Integration Test Results for 6.7.1 Hyperbolic functions.nb | 5

Problem 56: Result unnecessarily involves higher level functions.

Cosh[a+bx]7/?
J— ax

Sinh[a+bx]7/2

Optimal (type 3, 106 leaves, 6 steps):
ArcTan [ :{ Sinh[a+b x] ] ArcTanh [ Sinh[a+b x]

Cosh[a+b x] Cosh[a+b x] ] 2 Cosh[a +bx] 5/2 2+/Cosh[a+bx]
_ + _ _
b b 5bSinh[a+bx]*? p./Sinh[a+bx]

Result (type 5, 97 leaves):

1 1 5
2+/Cosh[a+bx] |5Hypergeometric2Fl [ - 5, —
4 4 4

(-sinhfa+bx]?)** (1+6$inh[a+bx12>J]/ (Sb\/sinh[a+bx] (—Sinh[a+bx12)7/4>

bl

, Cosh[a+bx]?| Sinh[a+bx]*+

Problem 57: Result unnecessarily involves higher level functions.

Sinh[a+bx]7/3
J— dx

Cosh[a+bx]7/3

Optimal (type 3, 155leaves, 9steps):

1+zsinh[a+bx}2/3

\/?Ar‘cTan[ﬂP*—‘“li] Log[l _ MM}

V3 Cosh[a+bx]2/3

2b 2b

1 sinha+bx]¥? = Sinh[a+bx]¥3
+ — + ;
Cosh[a+b x]?%/3 Cosh[a+b x]4/3

Log| 3Sinh[a+bx]4/3

4b 4bCosh[a+bx]43

Result (type 5, 80 leaves):

1 1

[3 (—Sinh[a+bx]2+2Cosh[a+bx]zHyper‘geometr‘iCZFl[—, =
3 3

b

Problem 58: Result unnecessarily involves higher level functions.

Sinh[a +bx]°/3
J— dx

Cosh[a+bx]%3

Optimal (type 3, 155leaves, 9steps):
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2/3
1+chsh[a+bx}

\/3 ArcTan[ —smlaex ] |og|q - Coshia:bxi®]
- NED

Sinh[a+bx]?/3

2b 2b

Cosh[atbx]%3  Cosh[a+bx]?/3?
Log|1l+ + .
g[ Sinh[a+bx]%3  Sinh[a+bx]?/3 ] 3Sinh[a+bx] 2/3

4b 72bCosh[a+bx}2/3

Result (type 5, 87 leaves):
3Sinh[a+bx]?/3

72bCosh[a+bx]2/3

)

(3 Cosh[a + b x]%3 Hypergeometric2F1|

w N
w | N

5
, —, Cosh[a+bx]?] Sinh[a+bx]2/3]/
3

(4b (-sinhia +bx]2)1/3>

Problem 59: Result unnecessarily involves higher level functions.

Sinh[a+bx]*?3
J— ax

Cosh[a+bx]%/3

Optimal (type 3, 243 leaves, 12 steps):

~ 2Cosh[atbx]*/? , 2Cosh[a<bx]*/?

1 3 1+— v y
\/3 ArcTan|—simleex™ | (/37 ApcTan [ —simlesx | ApcTanh [ SoshlasbxI=2 ]
V3 V3 Sinh[a+bx]/?3
- . )
2b 2b b

2/3 1/3 2/3 1/3
Log [1 4 Cosh[a+b x] Cosh[a+b x] ] Log [1 + Cosh[a+b x] + Cosh[a+b x] ]

Sinh{a+bx]?/®  sinh[a+bx]?/3 Sinh[a<bx]?/®  sinh[a+bx]¥3 3Sinh[a+bx]1/3
. _

4b 4b b Cosh[a+bx]1/3

Result (type 5, 85leaves):
3Sinh[a+bx]1/3

b Cosh[a+bx]1/3

)

. 11 .
(3 Cosh[a + b x]*/3 Hypergeometric2F1| , —, Cosh[a+bx]?] Sinh[a +bx]1/3)/

6

a |
o | wn

(5 b (-Sinhfa+ bx]2)1/6>

Problem 60: Result unnecessarily involves higher level functions.

Sinh[a+bx]?/3
J— ax

Cosh[a+bx]2%/3

Optimal (type 3, 218 leaves, 11 steps):
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17251nh[a+bx}1"3 1, 25inh[abx]*

\/?Ar'cTan[ﬂ\%blx—,”} ﬁAr‘cTan[ﬂla‘—“li] ArcTanh[M]

V3 Cosh[a+bx]Y/3
4 _

2b 2b b

i 1/3 i 2/3 i 1/3 i 2/3
Log[l _ Sinh[a+b x] // 4 Sinh[a+b x] // ] Log[l n Sinh[a+b x] // + Sinh[a+b x] - ]
Cosh[a+bx]¥?  Cosh[a+bx]%3 Cosh[a+bx]¥3  Cosh[a+bx]?%/3

+

4b 4b
Result (type 5, 57 leaves):

i

3 Cosh[a+bx]"3 Hypergeometric2Fi|

|-

1 7
> T T COSh[a+bx]2] Sinh[a+bx]5/3)/
6 6

(b (-sinh[a+bx]?)*°

Problem 61: Result unnecessarily involves higher level functions.

Sinh[a+bx]/3
J— dx

Cosh[a+bx]1/3

Optimal (type 3, 128 leaves, 8 steps):

14 2sinh[a:bx]?/?

A/ __ cosh[aibx]?? Log[1 - Sinh[a+bx1%/? Log[1 + Sinh[a+b x]%3 N Sinhla+bx]%/3
3 ArcTan [ A3 ] g { Cosh[a+bx]?/3 } g [ Cosh[a+bx]¥3  Cosh[a+bx]%/3 ]
- - +

2b 2b 4b

Result (type 5, 59 leaves):
. 11

- ( 3 Cosh[a+bx]?? Hypergeometric2Fl[ —, =,
3

4
3 3

, Cosh[a+bx]?] Sinh[a+bx]4/3)/

(Zb (—Sinh[a+bx]2)2/3))

Problem 62: Result unnecessarily involves higher level functions.

Cosh[a+bx]1/3
J— ax

Sinh[a+bx]/3

Optimal (type 3, 128 leaves, 8steps):

1+ZCosh[a+bx]2’3

\/?Ar‘cTan[ sinh[a-bx|%? ] Log [1 _ Cosh[a+bx]?/> } Log[l , Coshfasbx]*>  Cosh[a+bx]?/> ]

N3 Sinh[a+b x]2/3 Sinh[a+bx]%?  sinh[a+bx]2/?
+
2b 2b 4b

Result (type 5, 59 leaves):

|

_ 2 2 5 _
3 Cosh[a+bx]*3 Hypergeometric2F1| —, —, =, Cosh[a+bx]?| Sinh[a +bx]2/3)/
3 3 3

(4b <7Sinh[a+bx]2)1/3)

| 7
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Problem 63: Result unnecessarily involves higher level functions.

dx

JCosh [a+bx]?/3

Sinh[a+bx]?/3

Optimal (type 3, 218 leaves, 11 steps):

172Cosh[a+bx]1”3 1, 2Cosh[asbx]*?

/3 ArcTan| —smeed™ | (/37 ApcTan[ —smlass’ | ApcTanh| Coshla:ox?

N3 N3 Sinh[a+bx]Y/3
+ _
2b 2b b
2/3 1/3 2/3 1/3
Log[l ¥ Cosh[a+b x]% _ Cosh[a+b x] // ] Log[l " Cosh[a+b x] // " Cosh[a+b x] ¥/ ]
Sinh[a+bx]2/®>  Sinh[a+bx]/? Sinh[a+bx]¥3  Sinh[a+bx]/3
+
4b 4b

Result (type 5, 59 leaves):

i

5/3 s > 11 2 s 1/3
3 Cosh[a+bx]>3 Hypergeometric2F1[ =, =, ~, Cosh[a+bx]?] Sinh[a +bx]
6 6

o |wn

(Sb (—Sinh[a+bx]2)1/6)

Problem 64: Result unnecessarily involves higher level functions.

Cosh[a+bx]4/3
J— dx

Sinh[a +bx]4/3

Optimal (type 3, 243 leaves, 12 steps):

~ 2sinh[asbx]"/? , 25inh[asbx]*?

1 1 / . ’
\/3 ArcTan| —sleex | (/37 ApcTan [ —Sstesx | ApcTanh [ SiohlacbxI=2 ]
V3 _ V3 4 Cosh[a+bx]/? ~
2b 2b b

Sinh[a+bx]Y/?  Sinh[a+bx]?%/3 Sinhla+bx]Y®  Sinhla+bx]%/3
Log[17 s T 2/3] LOg[1+ s T 2/3] 3 Cosh b 1/3
Cosh[a+bx]Y/ Cosh[a+b x]% Cosh[a+bx]V/ Cosh[a+b x]% osh[a +bx]

+

4b 4b bSinh[a+bx]1/3
Result (type 5, 83 leaves):
3Cosh[a+bx]1/3

bSinh[a+bx]1/3

) )

(3 Cosh[a+bx]"? Hypergeometric2Fi1|

| =
A |

7 27 < 5/3
6,Cosh[a+bx] | sinhfa+bx] ]/
(b (—Sinh[a+bx]2)5/6)

Problem 65: Result unnecessarily involves higher level functions.

Cosh[a+bx]%/3
J— dx

Sinh[a +bx]°/3

Optimal (type 3, 155leaves, 9steps):
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s 2/3
1+25mh[a+bx}

/3 ArcTan| —esleed | og[1 - Sinh(asb 1/
_ e

Cosh[a+bx]2/3

2b 2b

: 2/3 : 4/3
Log[l 4 Sinh[a+b x] %/ 4 Sinh[a+b x] ]

Coshla+bx]2/3>  Cosh[a+bx]%/3 3 Cosh[a+bx] 2/3

4b 72bSinh[a+bx}2/3

Result (type 5, 83 leaves):

3Cosh[a+bx]?3Sinh[a+bx]*3

1 4
=, —, Cosh[a+bx]?| Sinh[a+bx]?+ (*Sinh[a+bx]2)2/3])/
3 3

)

1
(Hyper‘geometricZFl [=,
3

(2b (—Sinh[a+bx]2)5/3)

Problem 66: Result unnecessarily involves higher level functions.

Cosh[a+bx]7/3
J— dx

Sinh[a+bx]7/3

Optimal (type 3, 155leaves, 9steps):

2cosh[a+bx]??
4 2Cosh|abx|77

1

sinh[a+bx]%/ L 1- Coshla+bx]%/3
) \/3 ArcTan [ —[_]_ﬁ ] ) og| Sinh (arb X177 ]
2b 2b

Cosh[a+b x]%/3 . Cosh[a+bx12//3]
Sinh[a+bx]%?  sinh[a+bx]?/3?

Log[1+ 3Cosh[a+bx]43

4b 4bSinh[a+bx]?*3

Result (type 5, 83 leaves):

3Cosh[a+bx]*3Sinh[a+bx]?3

, E, Cosh[a+bx]?] Sinh[a+bx]?+ (—Sinh[a+bx]2)1/3])/

Hypergeometric2F1 [
3

)

w N
w [N

3

_

(4b (—Sinh[a+bx]2)4/

Problem 100: Result more than twice size of optimal antiderivative.
JSech[x]STanh[x]sdlx

Optimal (type 3, 33 leaves, 3 steps):
Tanh[x]? Tanh[x]® 3Tanh[x]* Tanh[x]®

— + —

7 3 11 13

Result (type 3, 67 leaves):

| 9
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16 Tanh[x] 8Sech[x]2Tanh[x] 2Sech[x]*Tanh[x] 5Sech[x]® Tanh[x]
+ + +

3003 3003 1001 3003

53 8 27 10 1 12
—— Sech[x]° Tanh[x] + — Sech[x]*° Tanh[x] - — Sech[x]*“ Tanh[X]
429 143 13

Problem 102: Result more than twice size of optimal antiderivative.

JCOSh[a +bx] Coth[a+bx]?dx

Optimal (type 3, 22 leaves, 3 steps):
Csch[a+bx] Sinh[a+bXx]
- +
b b

Result (type 3, 45leaves):

Coth[i (a+bx)] Sinh[a+bx] Tanh[i (a+bx)]

- + +

2b b 2b

Problem 104: Result more than twice size of optimal antiderivative.

JCosh[a +bx] Coth[a+bx]*dx

Optimal (type 3, 37 leaves, 3 steps):
2Csch[a+bx] Cschla+bx]3 Sinh[a+bx]

+

b 3b b

Result (type 3, 103 leaves):
711Coth[% (a+bx) ]| 7 Coth[i (a+bx) ] Csch[i (a+bx)]2

+

12b 24 b
Sinh([a+bx] 11Tanh[§ (a+bx)] Sech[i (a+bx>]2Tanh[i (a+bx)]

+

b 12b 24b

Problem 118: Result more than twice size of optimal antiderivative.
JCoth [a+bx]3Csch[a+bx] dx
Optimal (type 3, 27 leaves, 2 steps):

Csch[a+bx] Cschla+bx]3
b 3b

Result (type 3, 93 leaves):
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5Coth[> (a+bx)] Coth[ (a+bx)]Csch[? (a+bx)]?

12b 24 b
5Tanh[% (a+bx)] Sech[i (a+bx”2Tanh[§ (a+bx)]

12b 24 b

Problem 119: Result more than twice size of optimal antiderivative.

JCoth[a+bx]3Csch[a+bx}3d1x

Optimal (type 3, 31leaves, 3 steps):
Csch[a+bx]3 Csch[a+bx]?
3b 5b

Result (type 3, 151 leaves):
11Coth[i (a+bx)] 11Coth[§ (a+bx)] Csch[i (a+bx)]2

240 b 480 b
Coth[i (a+bx)] Csch[i <a+bx)]4 11Tanh[i (a+bx) ]

160 b 240 b
115ech[% (a+bx)]2Tanh[§ (a+bx)] Sech[% (a+bx)]4Tanh[§ (a+bx)]

+

480 b 160 b

Problem 121: Result more than twice size of optimal antiderivative.

JCoth[a +bx]2Csch[a+bx] dx

Optimal (type 3, 34 leaves, 2 steps):
ArcTanh[Cosh[a+bx]] Coth[a+bx] Csch[a+bx]
2b 2b

Result (type 3, 75leaves):
7Csch[i <a+bx)]2 7 Log[Cosh[i (a+bx)]] Log[sinh[i (a+bx)]] 7 Sech[% (aerx)]2

+

8b 2b 2b 8b

Problem 122: Result more than twice size of optimal antiderivative.

JCoth[a+bx]2Csch[a+bx13d1x

Optimal (type 3, 55leaves, 3 steps):
ArcTanh[Cosh[a+bXx]] Coth[a+bx] Csch[a+bx] Coth[a+bx]Csch[a+bx]3
8b 8b 4b

Result (type 3, 113 leaves):
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_Csch[i <a+bx)]2 _Csch[i (a+bx)}4Jr Log[Cosh[% (a+bx)]] )

32b 64 b 8b
Log[sinh[i (a+bx)]] Sech[i (aerx)]2 Sech[i (a+bx)]4

- +

8b 32b 64 b

Problem 123: Result more than twice size of optimal antiderivative.
JCoth [a+bx]*Csch[a+bx] dx
Optimal (type 3, 55leaves, 3 steps):

3 ArcTanh[Cosh[a+bx]] 3Coth[a+bx] Csch[a+bx] Coth[a+bx]3Csch[a+bx]
8b 8b 4b

Result (type 3, 113 leaves):
5Csch[i(a+bx)]2 Csch[%(a+bx>]4 3Log[Cosh[§(a+bx)H

- - - +

32b 64 b 8b
3Log[Sinh[i(a+bx)H SSech[i(aerxHZ Sech[i(aerx)]4
8b ) 32b ’ 64b

Problem 127: Result more than twice size of optimal antiderivative.

JCoth[x]4Csch[x]3dlx

Optimal (type 3, 38leaves, 4 steps):

1 1 1 1
— ArcTanh[Cosh[x]] - — Coth[x] Csch[x] - — Coth[x] Csch[x]3- = Coth[x]3 Csch[x]3
16 16 8 6

Result (type 3, 95leaves):

fiCsch[i]zf lcSch[i]‘lfiCsch[i]GZ lLog[Cosh[i]] -

64 2 64 2 384 2 16 2
L Log[sinh[X]] - 2 sech[X]7+ L sech[X]* - — secn[X]°
16 2 64 2 64 2 384 2

Problem 129: Result more than twice size of optimal antiderivative.

JCoth [6x]°Csch[6x] dx

Optimal (type 3, 29leaves, 3 steps):

1 1 , 1 .
- —Csch[6x] - —Csch[6x]°- — Csch[6x]
6 9 30

Result (type 3, 73 leaves):
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89 Coth[3x] 31Coth[3x] Csch[3x]? 1 A
- - - —— Coth[3x] Csch[3x]"+

1440 2880 960
89 Tanh[3x] 31Sech[3x]2Tanh[3x] .
_ + [3x]*Tanh[3 x]
1440 2880 960

Problem 130: Result more than twice size of optimal antiderivative.

JCoth[x]7Csch[x]3dlx

Optimal (type 3, 33 leaves, 3 steps):
3Csch[x]®> 3Csch[x]?” Csch[x]®
5 7 9

1 3
- —Csch[x]® -
3

Result (type 3, 165leaves):
1823 Coth[*] 1823 Coth|[*] csch[*]* 463 cCoth[*] csch[*]*

80640 161280 53760
73Coth[%] Csch[*]® coth[%] csch[*]® 1823Tanh[%] 1823 Sech[*]”Tanh|%]
2 2 2 2 2 2 2

+

32256 . 4608 ~ sees0 161280
463 sech|*|*Tanh[*]  73Sech[*|°Tanh[*] sech[X]®Tanh|*]

+

53760 32256 4608

Problem 143: Result more than twice size of optimal antiderivative.
jSinh [a+bx] Tanh[c + bx] dx
Optimal (type 3, 29leaves, 3 steps):

ArcTan[Sinh[c +bx]] Cosh[a-c] Sinh[a+bXx]
- +
b b

Result (type 3, 86 Ieaves) :

(Cosh[c]-Sinh[ Cosh[ }Sll’lh ]1+Cosh| ]Slnh{—x])

2 ArcTan]| = >-| Coshla-c]

Cosh [ Cosh{z—] Cosh[ }Slnh c]
- +
b

Cosh[bx] Sinh[a] Cosh[a] Sinh[b x]

+
b b

Problem 144: Result more than twice size of optimal antiderivative.
Jsinh [a+bx] Tanh[c +bx]?%dx
Optimal (type 3, 45leaves, 6 steps):

Cosh[a+bx] Cosh[a-c]Sech[c+bx] ArcTan[Sinh[c+bx]] Sinh[a-c]
4 _
b b b
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Result (type 3, 102 leaves):
Cosh[a] Cosh[bx] Cosh[a- c} Sech[c + b x]
+

b
(Cosh[c]-Sinh[c (cOsh[i} Sinh[c]+Cosh[c] sinh| °*]) .
2 ArcTan] . ~-] sinh[a - c]
Cosh| Cosh{ ] Cosh{ }Slnh[c] Sinh[a] Sinh[b x]
+
b b

Problem 146: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCoth[c +bx] Sinh[a+bx] dx

Optimal (type 3, 29 leaves, 3 steps):
ArcTanh[Cosh[c +bx]] Sinh[a-c] Sinh[a+bXx]
- +
b b

Result (type 3, 93 leaves):
Cosh[bx] Sinh[a]

b
. (Cosh[c]-Sinh[c]) (Cosh Cosh{b—%Slnh[c Slnh[—x}) .
2 i ArcTan| == >] sinh[a - c]
i Cosh[c] Cosh{ S } 1Cosh[7} Sinh[c] Cosh[a] Sinh[b x]
+
b b

Problem 147: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCoth[c +bx]2Sinh[a+bx] dx

Optimal (type 3, 46 leaves, 6 steps):
B ArcTanh[Cosh[c +bx]] Cosh[a-c] Cosh[a+bx] B Csch[c+bx] Sinh[a -]
b b b

Result (type 3, 110leaves):

(Cosh[c]-Sinh[c]) (Cosh[ ] Cosh{b—xbsinh[ ] Slnh[z—x})

2 i ArcTan| - | Coshla-c]
i Cosh[c] Cosh{ ] nCosh[ }Slnh[ ]
- +
b
Cosh[a] Cosh[bx] Csch[c+bx]Sinh[a-c] Sinh[a] Sinh[bx]
- +
b b b

Problem 150: Result more than twice size of optimal antiderivative.

JSech[c +bx]2Sinh[a+bx] dx
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Optimal (type 3, 35leaves, 4 steps):
Cosh[a-c] Sech[c+bx] ArcTan[Sinh[c+bx]] Sinh[a -]
- +
b b

Result (type 3, 83 leaves):

(Cosh[c]-Sinh[c]) (Cosh[—x} Sinh[c]+Cosh[c] Sinh[b—x])
2 ArcTan]| 2 1]
Cosh[a-c] Sech[c +bx] Cosh{c] Cosh| 2| -cosh | 2* } Sinh[c]
- +

b b

Sinh[a - c]

Problem 153: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCsch [c +bx]2Sinh[a+bx] dx
Optimal (type 3, 36 leaves, 4 steps):

ArcTanh[Cosh[c +bx]] Cosh[a-c] Csch[c+bx] Sinh[a-c]
b b

Result (type 3, 90leaves):

[ (Cosh[c]-Sinh[c]) (Cosh[ ]Cosh{ %Smh[ ]Sinh[bTXH

21 ArcTan — | Coshla-c]
i Cosh[c] Cosh{ ] JlCOSh[ } Sinh[c] Csch [C +b X] Sinh [a _ C]
b b

Problem 155: Result more than twice size of optimal antiderivative.
JCosh [a+bx] Tanh[c +bx] dx
Optimal (type 3, 29 leaves, 3 steps):

Cosh[a+bx] ArcTan[Sinh[c+bx]] Sinh[a -]
b b

Result (type 3, 86 leaves):
Cosh[a] Cosh[b x]

b
(Cosh[c]-Sinh[c Cosh{—x} Sinh[c]+Cosh| Slnh[b—x]) .
2 ArcTan]| 2 >-] sinhfa - c]
Cosh[ Cosh[ 22| _cosn| 2% }slnh [c] Sinh[a] Sinh[b x]
+
b b

Problem 156: Result more than twice size of optimal antiderivative.

JCosh[a +bx] Tanh[c +bx]%dx

Optimal (type 3, 45leaves, 6 steps):
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ArcTan[Sinh[c +bx]] Cosh[a-c] Sech[c+bx] Sinh[a-c] Sinh[a+bXx]
- + +

b b b

Result (type 3, 102leaves):

(Cosh[c]-Sinh[c]) (Cosh[i—ﬂ Sinh[c]+Cosh[c] Sinh{i—x])

2 ArcTan Cosh[a-c
[ Cosh|[c] Cosh[bz—x] —Cosh[bz—x} Sinh[c] ] [ ]
- +
b
Cosh[bx] Sinh[a] Sech[c+bx] Sinh[a-c] Cosh[a] Sinh[bx]
+ +
b b b

Problem 158: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCosh[a +bx] Coth[c+bx] dx

Optimal (type 3, 29 leaves, 3 steps):
ArcTanh[Cosh[c+bx]] Cosh[a-c] Cosh[a+bXx]
- +
b b

Result (type 3, 93 leaves):

(Cosh[c)-Sinh[c]) [Cosh[c] Cosh[b?—ﬂ +sinh[c] Sinh[b?—XH

2 1 ArcTan Cosh[a-c
. [ 1 Cosh[c] Cosh[bTx]—j Cosh[b%} Sinh[c] ] [ }
- +
b
Cosh[a] Cosh[bx] Sinh[a] Sinh[b x]

+

b b

Problem 159: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCosh[a +bx] Coth[c+bx]?dx

Optimal (type 3, 46 leaves, 6 steps):
Cosh[a-c] Csch[c+bx] ArcTanh[Cosh[c+bx]] Sinh[a-c] Sinh[a+bx]

+

b b b

Result (type 3, 110leaves):
Cosh[a-c] Csch[c+bx] Cosh[bx] Sinh[a]
- +
b b

(Cosh[c]-Sinh[c]) (Cosh[c] Cosh{%}dinh[c] Sinh[bz—x})

21 ArcTan| : e | sinh[a-c] ‘
i Cosh[c] Cosh{T}fn COSh[T} Sinh[c] Cosh[a] Sinh[b x]
n

b b
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Problem 162: Result more than twice size of optimal antiderivative.
JCosh [a+bx] Sech[c+bx]%dx
Optimal (type 3, 35leaves, 4 steps):

ArcTan[Sinh[c +bx]] Cosh[a-c] Sech[c+bx] Sinh[a- ]
b b

Result (type 3, 83 leaves):

(Cosh[c]-Sinh[c]) (Cosh{b%] Sinh[c]+Cosh[c] Sinh{i—xm

2 ArcTan| | coshia-c]

Cosh[c] Cosh[b%} —Cosh[bz—x} Sinh[c] Sech[c +bx] Sinh[a -]

b b

Problem 165: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCosh[a +bx] Cschic+bx]%dx

Optimal (type 3, 36 leaves, 4 steps):
B Cosh[a-c] Csch[c +bx] B ArcTanh[Cosh[c +bx]] Sinh[a -]
b b

Result (type 3, 90 leaves):

2 i ArcTan [ (Cosh[c]-Sinh[c]) (Coshb[c] Cosh[bz—xldinh[c] Sinh{bz_x”
Cosh[a-c] Csch[c + bx] i Cosh[c] Cosh| 2% |-i cosh| 2*| sinh c]

| sinhfa-c]

b b

Problem 188: Result more than twice size of optimal antiderivative.

JSinh[a +bx] Tanh[c +dx] dx

Optimal (type 5, 121 leaves, 6 steps):

—a-b . b b 2 (c+d
e-a-bx ) earbx ) e PXHypergeometric2F1[1, - 1o, —e (exdx) | )
2b 2b b
+b 3 b b 2 (c+d
€' X Hypergeometric2Fi[1, o le 2, —e (erdx) |
b

Result (type 5, 278 leaves):
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1 e—a—c—bx
4 (b®-4bd?)

(c+d x) b b 2 (c+d x)

-b (b+2d) e? (-1+e?) Hypergeometric2F1[1, 1- —, 2- —, -e | sechic] +

2 2d

2 (a+c+ (b+d) b b 2 (c+d x)

(b-2d) [2be? (arcr (b *) Hypergeometric2F1[1, 1+ —, 2+ —, -e? (<9% | sech[c] -

2 2d

(b+24d) (—Sech[c] - e??sech[c] + (1+e®?+2e’°) Hypergeometric2F1|1,

b
, 1-—, -e? (@99 ]| sech[c] +2e? @PX) Hypergeometric2F1[1,
2d

2

b b 2 (c+d b

—, 1+ —, -e* (@9 ] sech[c] -4 e*“*"*Cosh[a+b X] Tanh[c])])
2d 2d

Problem 189: Result more than twice size of optimal antiderivative.

jCoth[c +dx] Sinh[a+ b x] dx

Optimal (type 5, 117 leaves, 6 steps):

e-a-bx . eatbx i e abx Hyper‘geometr‘icZFl[l, - i, 1- i i
2b 2b b
€' X Hypergeometric2Fi[1, i, 1+

b
2d

b
Result (type 5, 240leaves):
Cosh[a] Cosh[bx] Coth[c]
b

+

b b
( -ar2c-bx (b eZdXHypergeometMCZFl[l 1-—,2-—

2d’

d
Hypergeometric2Fi|1, —L, 1- — (crdx) ]) b(b-2d) (-1+e)) -
2d 2d

e(®2d) X Hypergeometric2F1[1, 1+ ;, 2+ 2, g2 (0]

e? (4] _ (b-2d)

1 > €

a+2 ¢ 2d

+

-1+ e2¢ b+2d

e® X Hypergeometric2F1[1, i, 1+ 2, 2 (0]

2d Coth[c] Sinh[a] Sinh[b x]

b

+

b

Problem 200: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Jsinh [X] Tanh[2 x] dx

Optimal (type 3, 19leaves, 4 steps):
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ArcTan[+/2 Sinh(x] |
V2

Result (type 3, 167 leaves):

1 Cosh[i] +Sinh[5]
-2 ArcTan| 2 2 ] -
42 (1++2 ) cosh[*] - (-1++/2] sinh[X]

Cosh[?] +Sinh[§}

(—1+\/7) Cosh[ﬂ - (1+\/?) Si“h{ﬂ

+Sinh[x]

2 ArcTan -2 ArcTan \/?Sinh[x] +
[ ] [

ilog[+/2 -2Cosh[x]] +1iLog[v/2 +2Cosh[x]] -1 Log[Cosh[2x]] +4~/2 Sinh[x]

Problem 202: Result is not expressed in closed-form.

Jsinh [X] Tanh[4 x] dx

Optimal (type 3, 69 leaves, 6 steps):
1

~=N2-+2 Ar‘cTan[M] —l\/2+\/7 Ar‘cTan[M] +Sinh[x]
N 2 V2 ¢ 2442
Result (type 7, 111 leaves):
—iRootSum[1+H18 &, i(x+2Log[—Cosh[§] —Sinh[i] +Cosh[§] Hl—Sinh[i] 111} +
16 117 2 2 2 2
x 716 + 2 Log[ - Cosh[ =] - Sinh[ ] + Cosh[ ] t11 - Sinh[ ] 1] me) &] + Sinh[x]
2 2 2 2

Problem 203: Result is not expressed in closed-form.

JSinh [x] Tanh[5x] dx

Optimal (type 3, 87 leaves, 9 steps):

1 1 |1
_Z ArcTan[Sinh[x]] - = | = (3+\/5 ) ArcTan|[2
5 51/ 2

Sinh[x] | -

3+\/?

1 l(B—\/?) ArcTan | 2(3+\/?) Sinh[x] ] +Sinh[x]
5 2

Result (type 7, 262 leaves):
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-2 ArcTan [Tanh | i] | - 2 Rootsun [1-81%+81% - 721° + 218 g,

5 2 20
(3x+sLog[_cosh[5] _sinh[ ]+ Cosh[>] 1 - sinh[ ] m1] -
2 2 2 2
X X X X
x 12 -2 Log[-Cosh| =] - Sinh[ =] + Cosh[ =] #1 - Sinh[ =] n1] 1 -

2 2 2
x 11t -2 Log[{osh[f} —Sinh[i} +Cosh[5} Hl—Sinh[i] m1] =14+
2 2 2 2
X X X X
3x 118 + 6 Log |- Cosh[ > ] - Sinh[ > ] + Cosh[ =] 111 - Sinh[ ] 1] ms]/
2 2 2 2
(-#1+201%-311° +4n117) &) +Sinh[x]

Problem 204: Result is not expressed in closed-form.
JSinh [x] Tanh[6 x] dx

Optimal (type 3, 87 leaves, 10 steps):

ArcTan[+/2 Sinh(x] | 1 2 Sinh[x]

2—\/? Ar‘cTan[
6
3V2 23

l\/ 2+/3 Ar‘cTan[M] +Sinh[x]
® Va3

Result (type 7, 397 leaves):

} _

Cosh[*] +sinh|[*]
- 4Ar‘cTan[ 2 2 }+
242 (1472 ) Cosh[*] - (142 ) sinh[X]
Cosh[*] +sinh|[*]
4 ArcTan | 2 2 +

(_1+\/7) Cosh[ﬂ - (1+ﬁ) Sinh[ﬂ

4ArcTan[+/2 Sinh(x]] -21i Log[V2 -2Cosh[x]] -
21 Log[+/2 +2Cosh[x]] +21i Log[Cosh[2x]] ++/2 RootSum[1 - 1%+ 1% &,

m(2x+4Log[—Cosh[§] —Sinh[z] +Cosh[§] Hl—Sinh[g] H1] - xa1? -
2Log[-Cosh[~] - sinh[~] + Cosh[~] #11 - Sinh[~] 1] m12 - x=1% -
2 2 2 2
2 Log[—Cosh[i] —Sinh[i] +Cosh[5] Hl—Sinh[i] m1] 514+ 2 x 118 +
2 2 2 2
X X X X
4Log[-Cosh|>] - sinh[>] +Cosh|~] =1 - sinh[~] =] ms) &] - 2442 Sinh[x]
2 2 2 2

Problem 205: Result more than twice size of optimal antiderivative.

Jsinh [x] Tanh[n x] dx
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Optimal (type 5, 81 leaves, 6 steps):

e™* et 1 1
+ — - e *Hypergeometric2F1[1, - —, 1- —, -e2"*| -
2 2 2n 2n
1 1 1
e Hypergeometric2F1[1, —, — (2+ —J, -e?"]
2n 2 n
Result (type 5, 164 leaves):
1 eX*2"X Hypergeometric2F1[1, 1- X, 2- 1, —e2nX]
_2x 2n 2n
~e +
2 -1+2n
e(32M X Hypergeometric2F1[1, 1+ ==, 2+ -, —e?"¥]
1+2n
eX

. 1 1,
Hypergeometric2F1[1, - —, 1- —, -e*"*| +
2n 2n

1 1
e?* Hypergeometric2F1[1, —, 1+ —, - 2nx]]
2n 2n

Problem 208: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCoth [4 x] Sinh[x] dx

Optimal (type 3, 28 leaves, 6 steps):

1 ArcTan[\/? Sinh[X}]
- = ArcTan[Sinh[x]] -
4

22

+Sinh[x]

Result (type 3, 181 leaves):

Cosh[*] +sinh[X]
2Ar‘cTan[ 2 2

(1432 ) cosh[%] - (-1+V2 ] sinn[%]
Cosh[*] +sSinh[X]
2 ArcTan| 2 2

(_1+\/?) Cosh[i] - (1+\/7) Si”h[i] -

2ArcTan[V/2 Sinh(x] ] +4ﬁAr‘cTan[Tanh[£H - i Log[v/2 -2Cosh(x]] -
2

78\/7

+

ilog[v2 +2Cosh(x]] +iLog[Cosh[2x]] -8+/2 Sinh[x]

Problem 209: Result more than twice size of optimal antiderivative.

JCoth [5x] Sinh[x] dx
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Optimal (type 3, 82leaves, 6 steps):

1 1 2

- | = (5 Ar‘cTan Sinh[x

> 2 5+4/5

1 1

— (5 ArcTan Sinh[ +Slnh[ X]
5 2

Result (type 3, 198 leaves):

+\E) Tanh[ﬂ

l -3
- 5+ \F Ar‘cTan

ze\F

+

10-2+/5
(-5+V5 ) [2 (545 ArcTan[(5+ﬁ)Tanh[§]]+ 10-2v5 (55
10-2+/5
(—5+\/?) Tanh[l} (3+\/?>Tanh[5]
Ar‘cTan[ 2 }—Ar‘cTan[ 2 ] +20\/?Sinh[x}
/2(5+ﬁ) 2(5+\E>

Problem 211: Result unnecessarily involves complex numbers and more than

twice size of optimal antiderivative.

JSech [2x] Sinh[x] dx

Optimal (type 3, 16leaves, 2 steps):

1]

ArcTanh[+/2 Cosh|x
V2
Result (type 3, 155leaves):

Cosh[i] +Sinh[§}

+

1 —ZjArcTan[
42 (1472 ) Cosh[*] - (142 ) sinh[X]
Cosh[*] +sinh[X]
2 i ArcTan]| 2 2 _

(_1+\/?) Cosh[i] - (1+\/?) Sinh[ﬁ

4Ar‘cTanh[\/7—JlTanh[i]] +Log[\/?—2Cosh[x]] -
2

Log[ﬁ +2 Cosh[x] ]
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Problem 213: Result is not expressed in closed-form.

JSech [4x] Sinh[x] dx

Optimal (type 3, 71leaves, 4 steps):

ArcTanh [ 2€oshixL] Ar‘cTanh[ 2Coshix] |

Vo 2e1/2.
22\/7) 22+ﬁ)

Result (type 7, 110leaves):

1 1 X X
—— RootSum |1 + =1% &, —(—X—Z Log[-Cosh|[ =] - Sinh[ =] +Cosh[ | =1 - Slnh[ | m1] +
16 m1° 2 2 2 2

x51% + 2 Log[Cosh[ =] - sinh[~] + Cosh[>] 1 - Sinh[~] =1] mz] &]
2 2 2 2

Problem 215: Result is not expressed in closed-form.

JSech [6x] Sinh[x] dx

Optimal (type 3, 85leaves, 7 steps):

Ar‘cTanh[—'—LZCOSh *L] ArcTanh [ 2teshixL 2Coshix] ]

ArcTanh [\/? Cosh[x] } J2-v3 2073

32 GW 2+4/3

Result (type 7, 385leaves):

1 Cosh[*] +Sinh[*]
4]’1Ar'cTan[ 2 2 -
24~/2 (1++2 ) cosh[*] - (-1++/2 | sinh[%]
Cosh[l] +Sinh[5] X
41 ArcTan| ] +8ArcTanh[+/2 -iTanh[=]] -
(—1+\/_) Cosh[i]—( \/7) Sinh|[>] 2
2Log[V2 -2Cosh[x] | +2Log[V2 +2Cosh[x] ] +\ERootSum[1—tﬁ14+H18 &,
1 [ x 2v0g| cosh|[X] ~sinh[%] s cosh[X] #1-sinh[ 2] ]
X — _ — | = T +
-113 2117 & 2 2 2 2
112 + 2 Log[-Cosh|[ 2] - sinh[ 2] + Cosh 11 - Sinh 1| 712 -
X + Og[ oS [2] in [2]+ oS [2] in [2] ]
xttl“—ZLog[—Cosh[i]—Sinh[x]+Cosh[ | #1- Slnh[ | 1] =1t
2 2 2 2

x 16 + 2 Log[ - Cosh[ = | - sinh[ ] + Cosh[ ] 11 - Sinh[ =] 1] 1::16) 8]
2 2 2 2

Problem 218: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.
JCsch[4 x] Sinh[x] dx
Optimal (type 3, 26 leaves, 4 steps):
1 ArcTan[~/2 Sinh[x] |
- —ArcTan[Sinh[x]] +
4 22
Result (type 3, 172leaves):

Cosh[*] +sinh[*]
1 . . 2 2
- i |21 ArcTan| |+
82 (1+\/7)Cosh[§]—(—1+\/7) Sinh[ﬂ
Cosh[*] +sinh|[*]
2i ArcTan| 2 2 | +21iArcTan[V2 Sinh[x]] -

(—1+\/?) Cosh[f] - (1+\/?) Sinh[ﬂ

41i+/2 ArcTan [Tanh[i] | +Log[2 ~2Cosh([x]] +Log[V2 +2Cosh[x]]| - Log[Cosh[2x]]
2

Problem 229: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCosh[x] Tanh[2 x] dx
Optimal (type 3, 19leaves, 4 steps):
ArcTanh[+/2 Cosh[x] ]
V2
Result (type 3, 164 leaves):

+ Cosh [x]

Cosh[?] +Sinh[ﬂ
-2 1 ArcTan +
| (1+V2 ) cosh[ %] - (-1++/2] sinh[X]

Cosh[ﬂ +Sinh[§]

(_1+\/7) Cosh[f] - (1+\/7) Si”h[ﬂ

a2

21 ArcTan|

] —4Ar‘cTanh[\/7—JiTanh[§H +

4+/2 Cosh[x] +Log[V/2 -2Cosh[x]] - Log[+/2 +2Cosh[x] ]

Problem 230: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCosh [X] Tanh[3 x] dx
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Optimal (type 3, 20leaves, 3 steps):
ArcTanh [ 2€oshixL |
- 2 + Cosh[x]

V3
Result (type 3, 55leaves):

Achanh{ﬂLﬂ} Ar\cTanh[mﬂ}
/3 /3
- - + Cosh[x]

V3 V3

Problem 231: Result is not expressed in closed-form.

JCosh [x] Tanh[4 x] dx

Optimal (type 3, 69leaves, 6 steps):

1 2-/2 Ar‘cTanh[M}—1 2+/2 Ar‘cTanh[M]JrCosh[x]

N 2 vz ¢ 242
Result (type 7, 113 leaves):
Cosh[x] +

1 1 X X

— RootSum |1 + =18 &, —(—x—ZLog{—Cosh[—} - Sinh|[ =] +Cosh[ | #1 - Sinh[ = } H1] o+ x 118+
16 17 2 2 2 2

2 Log[-Cosh[ ] - sinh[>] +Cosh[ ] #1 - Sinh[ > ] =1] ms] 8
2 2 2 2

Problem 232: Result is not expressed in closed-form.
JCosh[x] Tanh[5 x] dx

Optimal (type 3, 82leaves, 6 steps):

2

5+\ﬁ

Cosh[x

1
— (5 Ar‘cTanh
5

N |

N

1
5

N |

(5 Ar‘cTanh — Cosh| + Cosh[x]

u

Result (type 7, 249 leaves):
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1
Cosh[x] + —
a4
X X X X
RootSum|[1 - 12 + 1% - 1116 + 118 &, (—x—ZLog[—Cosh[f} -Sinh[ =] + Cosh[ =] #1-sSinh[ =] n1] +
2 2 2 2
x 12 + 2 Log[-Cosh[i} -Sinh[f} +Cosh[5} ml—Sinh[i] w1 =12 - x 51t -

2 2 2

| +Cosh| > =1-sinh[ 2] 1] 51% + x 1 + 2 Log|
2 2 2

2 Log[—Cosh[i] —Sinh[i
2

—Cosh[i} —Sinh[i} +Cosh[5} ttl—Sinh{i] w1] 18]/ (-a1l+ 201 -301° + 4017) &
2 2 2 2

Problem 233: Result is not expressed in closed-form.

JCosh [X] Tanh[6 x] dx

Optimal (type 3, 87 leaves, 10 steps):
ArcTanh[+/2 Cosh
_ ArcTan [V/2 Cosh(x]] _lmArcTanh[ZCOSh[x] -
32 ° J2 v

1 \N2+4/3 Ar‘cTanh[m} +Cosh[x]
° 23

Result (type 7, 395 leaves):

Cosh[*] +sinh[*]
-4 i ArcTan| 2 2 +
242 (1+ﬁ)€osh[ ]—(—1+\/7)Sinh[ﬂ

X
2

. Cosh[f] +Sinh[§] . x
4]1Ar'cTan[ ] —8Ar‘cTanh[\/?—1Tanh[;H +

(71+\/7) Cosh[i] - (1+\5) Si”h[i]

24+/2 Cosh([x] +2Log[+/2 -2Cosh[x]] -2Log[V2 +2Cosh[x]]| ++/2 RootSum|1 - 1%+ 1:1® &,
1

~2x-4Log[-Cosh|[~] -sinh[~] + Cosh|[~] r1-sinh[~]m1] -
2 2 2 2

-113 + 2117

xnlz—ZLog[—Cosh[i] —Sinh[i X
2

| +Cosh[>] 1 -sinh[>] =1] =12 +
2 2

N

x 1% + 2 Log[ - Cosh[ = | - Sinh[ =] + Cosh[ =] #1 - Sinh|[ > ] =1] =1% +
2 2 2 2

2xn16+4Log[—Cosh[i] —Sinh[i] +Cosh[5] nl—Sinh[i] 111 | ms) &
2 2 2 2

Problem 234: Result more than twice size of optimal antiderivative.

JCosh [x] Coth[2x] dx

Optimal (type 3, 10leaves, 4 steps):
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1
- —ArcTanh[Cosh[x]] + Cosh[x]
2

Result (type 3, 25leaves):

1 X 1 X
Cosh -—L Cosh| — —L Sinh| —
osh[x] A og|Cos [2]]+2 og[sin [2”

Problem 236: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCOSh[X] Coth[4 x] dx
Optimal (type 3, 28 leaves, 6 steps):

1 ArcTanh[+/2 Cosh[x] |
- —ArcTanh[Cosh[x]] -

4 22
Result (type 3, 192 leaves):

+ Cosh[x]

1 24 AvcTan] Cosh[i] +Sinh[§} )
8+/2 (1+\/7)Cosh[§]—(—1+\/7) Sinh[?]
Cosh[*] +sinh[*]
2 i ArcTan]| 2 2 _
(142 ) cosh[*] - (142 ] sinh[%]

4 ArcTanh[+/2 - i Tanh +8 \/TCosh[x1 —2+2 Log |Cosh +
2 2

X

Log[ﬁ—ZCosh[x]] —Log[ﬁJrZCosh[x}] +2\ELog[Sinh[ H
2

Problem 238: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCosh [x] Coth[6 x] dx

Optimal (type 3, 38leaves, 7 steps):
1 1 ArcTanh [ 2€oshixL |
V3
- —ArcTanh[Cosh[x]] - —ArcTanh[2 Cosh[x]] - + Cosh [x]

6 6 2+/3
Result (type 3, 95leaves):
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2-1iTanh[*] 2+ 1 Tanh[*]
-2 \/?Ar‘cTanh{—z] —Z\EArcTanh[—z] +12 Cosh[x] -
7E Vs

12

X X
2Log[Cosh[;H +Log[1-2Cosh[x]] - Log[1+2Cosh[x]] +2Log{51nh[;H

Problem 239: Result more than twice size of optimal antiderivative.

JCosh [x] Coth[nx] dx

Optimal (type 5, 76 leaves, 6 steps):

-X X 1 1

L e Hypergeometric2F1[1, - —, 1- —, "] -
2 2 2n 2n

1
(2+‘* N
n

1
e* Hypergeometric2F1 [1, —, e

2n

N |

an}

Result (type 5, 156 leaves):

X+2 N X 5 1 1 2nx
lefo e Hypergeometric2F1[1, 1 ,2-,e ]

2 -1+2n

e(3*2M X Hypergeometric2F1[1, 1+ i, 2+ i, e2nx]

4
1+2n

1 1 1 1
e* Hypergeometric2F1[1, - —, 1- —, e’"*| - €** Hypergeometric2F1[1, —, 1+ —, e*"*]
2n 2n 2n 2n

Problem 240: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCosh[x] Sech[2 x] dx
Optimal (type 3, 15leaves, 2 steps):
ArcTan[+/2 Sinh[x] ]
V2
Result (type 3, 156 leaves):
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Cosh[*] +Sinh|[*]
. . 2 2
i [21iArcTan| +

_4\/? (1+\/7) Cosh[f]—(—1+\/?) Sinh[’]

Cosh[*] +sinh[X]
2i ArcTan| 2 2 | +21i ArcTan[V/2 Sinh[x]] +

(71+\5) Cosh[f} - (1+\E) Si"h[ﬁ

Log[\/? -2 Cosh[x] ] + Log[\E +2 Cosh[x] ] - Log[Cosh[2x]]

Problem 242: Result is not expressed in closed-form.

JCosh [x] Sech[4 x] dx

Optimal (type 3, 71leaves, 4 steps):
ArcTan|2310hXL | ApcTan [ 25i0hixL |

22 \ 22

2 /2(27\5) _ 2 /2(2+ﬁ)

Result (type 7, 108 leaves):

1 1 X X X X
— RootSum |1+ 118 &, —— [x + 2 Log[-Cosh|[ =] -Sinh|[ =] + Cosh| =] #1 - Sinh|[ =] =1] +
16 m1® 2 2 2 2
x 712 + 2 Log [~ Cosh[ =] - sinh[~] +Cosh[ ] 1 - Sinh [~ ] =1] mz] &
2 2 2 2

Problem 244: Result is not expressed in closed-form.

JCosh [x] Sech[6x] dx

Optimal (type 3, 85leaves, 7 steps):

Ar‘cTan[—LLZSinh X } Ar‘cTan[#—LZ sinh[x ]

ArcTan|[+/2 Sinh[x]] NP ey
- + +
3V2 6/2-/3 62+/3

Result (type 7, 383 leaves):
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Cosh[*] +Sinh[*]
-4 ArcTan| 2 2 -

(1+V2 ) cosh[ ] - (-1++/2] sinh[%]

Cosh[*] +sSinh[X]
4Ar‘cTan[ 2 2 -
(-1++/2 ) cosh[*] - (1++/2] sinh[X]
4 ArcTan[~/2 Sinh[x]] +21i Log[V2 -2Cosh[x]] +
2i Log[v/2 +2Cosh[x]] -21 Log[Cosh[2x]] ++/2 RootSum|[1 - 1%+ 1% &,

24+/2

ﬁ +2Log|-Cosh[ ”] - stnh[ *] + Cosh[ > ] s1 - ston[ 7] x1] < xua?
2 Log[{osh[f] —Sinh{i} +Cosh[5} Hlfsinh[i] w1 =12+ x 51t +
2 2 2 2
2 Log[-Cosh[ ] - sinh[ =] +Cosh[ ] #1 - Sinh[ ] m1] m1% + x =16 +
2 2 2 2

2 Log[—Cosh[z] _Sinh[z} +cosh[§} nl—Sinh[g] =1 ms) &

Problem 245: Result more than twice size of optimal antiderivative.

JCosh [X] Csch[2x] dx

Optimal (type 3, 7 leaves, 2 steps):

1
- — ArcTanh[Cosh[x]]
2

Result (type 3, 21 leaves):

i (_Log[cosh[z]] +Log[smh[§]]]

Problem 247: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCosh[x] Csch[4 x] dx
Optimal (type 3, 26 leaves, 4 steps):

1 ArcTanh[+/2 Cosh[x] |
- = ArcTanh[Cosh[x]] +

4 2+/2
Result (type 3, 183 leaves):
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1 . Cosh[f] +Sinh[§]
———|2iArcTan]

82 (1+\/?) Cosh[f}—(—lJr\/?) Sinh[’]

Cosh[*] +sSinh[*] x
2i ArcTan| 2 2 | +4ArcTanh[+/2 -iTanh[=]] -
2

(_1+\/?) Cosh[f] - (1+\/7) Si”h[ﬂ

Z\ELog[Cosh[iH —Log[\/?—ZCosh[x}] +Log[\/7+2Cosh[x}] +2\/7Log[sinh[iH
2 2

Problem 249: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCosh [x] Csch[6 x] dx

Optimal (type 3, 36 leaves, 7 steps):

1 1 ArcTanh [ 2€oshixL]
- —ArcTanh[Cosh[x]] - —ArcTanh[2 Cosh[x]] +

6 6 2+/3
Result (type 3, 91 leaves):

2-1iTanh[*] 2+1Tanh[*]
Zx/?Ar‘cTanh[—z] +2\/?Ar'cTanh{—2} -
V3 V3

12

X X
2Log[Cosh[;H +Log[1-2Cosh[x]] - Log[1+2Cosh[x]] +2Log[51nh[;H

Problem 254: Result more than twice size of optimal antiderivative.

JCosh[a +bx] Sinh[a+bx] dx

Optimal (type 3, 15leaves, 2 steps):
Sinh[a+bx]?

2b

Result (type 3, 37 leaves):
1 (Cosh[2a] Cosh[2bx] Sinh[2a] Sinh[2b x]

2 2b 2b

Problem 337: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Jx Tanh[a +bx] dx
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Optimal (type 4, 45leaves, 4 steps):

x2  xlog[l+e?(@®X] Ppolylog[2, -e? (X |
-— 4+ +
2 b 2 b?
Result (type 4, 197 leaves):
1
—b? e ArcTanhiCothial] 2, ——————j Coth[a] (-bx (-7+2iArcTanh[Coth[a]]) -
1-Coth[a]?

Cschla]

nlog(1+e2PX] -2 (ibx+iArcTanh[Coth[a]]) Log[1 - 2! (ibx+iArcTanhCothla]]) ]
mLog[Cosh[bx]] +21ArcTanh[Coth[a]] Log[1Sinh[bx + ArcTanh[Coth[a]]]] +

i PolyLog[z, eu (1 bx+1 ArcTanh[Coth[a]]) ] ) ] Sech [a] J/

1
+ = x%Tanh[a]

(2 bz\/Csch[a]2 (-Cosh[a]®+sSinh[a]?) )
2

Problem 349: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JXE' Sech[a+bx]?Tanh[a+bx] dx
Optimal (type 4, 83 leaves, 6 steps):

3x2 3xLlog[1l+e2@®X ] 3polylog[2, -e2@®X | y3sech[a+bx]? 3x2Tanh[a+bx]
_— - - - +
2 b2 b3 2b* 2b 2b?

Result (type 4, 228 leaves):

x3 Sech[a+bx]?
- +

2b

1
~b? g ArcTanhiCothial) w2, —————j Coth[a] (-bx (-r+2iArcTanh[Coth[a]]) -

1-Coth[a]?
nLog[1+e®®*| -2 (ibx+iArcTanh[Coth[a]]) Log[1-e?* (1bx+iArcTanh(Cothlal]) |,
sLog[Cosh[bx]] +21ArcTanh[Coth[a]] Log[1 Sinh[b x + ArcTanh[Coth[a]]]] +

/

3 x?Sech[a] Sech[a+bx] Sinh[bx]
2 b?

3 Cschla]

i PolyLog [2, er (1 bx+1 ArcTanh[Coth[a]]) ] ) ] Sech [a]

(2 b“\/Csch[a]2 (-Cosh[a]®+sSinh[a]?) ) +

Problem 358: Result more than twice size of optimal antiderivative.

Jx Sinh[a +bx] Tanh[a + b x] dx
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Optimal (type 4, 77 leaves, 8 steps):
2xArcTan[e®®*|  Cosh[a+bx]

) b i b2
iPolylog[2, -iePX] iPolylog[2, i e®®*| xSinh[a+bx]

- +

b2 b2 b

+

Result (type 4, 212leaves):

i[(—]'la-%-ﬁ—]'le) [Log[l—ei(’ja*g’jbx)] ~Log[l+e’ (’“*%’“x)}) -
b? 2
. 7T 1 ) T
(—1a+—) Log[Tan[ (—1a+——1bx]“ +
2 2 2

i (PolyLog[Z, _et a+§'jbx)] - Polylog|2, e (_ja+§'ibx)])] +

Cosh[bx] (-Cosh[a] +bxSinh[a]) (bxCosh[a] -Sinh[a]) Sinh[bx]

b2 b?

Problem 364: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

sz Tanh[a +bx]?dx

Optimal (type 4, 65leaves, 6 steps):

x2 X3 2xLog[1+e2<a*bX>] PolyLog[Z,—e“a*bX)] x2 Tanh[a + b x]
- — ¥ + -

b 3 b2 b3 b

Result (type 4, 213 leaves):

3
S
1
[Csch[a] b2 e ArcTanhiCothlal] 2, ——————j Coth[a] (-bx (-7 +2iArcTanh[Coth[a]]) -
1-Coth[a]?

nlog[1+e®®*| -2 (ibx+iArcTanh[Coth[a]]) Log|[1-e?* (1bx+iArcTanh(Cothlal]) |,
stLog[Cosh[bx]] +21ArcTanh[Coth[a]] Log[i Sinh[b x + ArcTanh[Coth[a]]]] +

i PolyLog[Z, er (1 bx+1 ArcTanh[Coth[a]]) ] ) ] Sech [a] J/

x?Sech[a] Sech[a+bx] Sinh[bx]
b

(b3\/Csch[a12 (-Cosh[a]?+Sinh[a]?) ) -

Problem 393: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JxTanh[a+bx]3dlx
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Optimal (type 4, 82leaves, 7 steps):

x x2 xLlog[l+e?@®¥ ]| polylog[2, -e?@®X¥ | Tanh[a+bx] xTanh[a+bx]?
_ N _

- — 4 _

2b 2 b 2 b? 2 b? 2b

Result (type 4, 232 leaves):
xSech[a+bx]?
2b

1
—b? e ArcTanhiCothial] 2, —— = j Coth[a] (-bx (-7+2iArcTanh[Coth[a]]) -

{Csch[a]
1-Coth[a]?

nlog[1+e®®*| -2 (ibx+iArcTanh[Coth[a]]) Log|1-e?* (1Px+iArcTanh(Cothlal]) |,
stLog[Cosh[bx]] +2iArcTanh[Coth[a]] Log[i Sinh[b x + ArcTanh[Coth[a]]]] +

i PolyLog[Z, eZJi (1 bx+1ArcTanh[Coth[a]]) ] ) J Sech [a] J/

+

(z b?/Csch(a]? (~Cosh[a]? + Sinh[a]?) ) _ Sechfa] 59Ch[a+2bx] Sinh[b x]
2b

1

2

X2

Tanh[a]

Problem 400: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Jx Coth[a+bx] dx
Optimal (type 4, 45leaves, 4 steps):

x2  xlog[1-e2@®X ] Ppolylog[2, e? (@%
D .
2 b 2 b2

Result (type 4, 148 leaves):

. [1‘1 brx+b?x?Coth[a] -imLog[l+e?®]+
2b

2bx Log[1 - e 2 (bxArcTanhiTanh(al]) | 4 j 7 Log[Cosh[bx]] +2ArcTanh[Tanh[a]]
(bx+Log[1- e (bxrArcTanh(Tanh(al]) | _ | og[i Sinh[b x + ArcTanh([Tanh[a]]]]) -

PolyLog [2’ e—z (b x+ArcTanh[Tanh[a]]) } _ b2 e—Ar‘cTanh[Tanh[a]] X2 Coth [a] Sech [a] 2 )

Problem 420: Result unnecessarily involves imaginary or complex numbers.

JXE' Cosh[x]? Coth[x]?dx

Optimal (type 4, 102 leaves, 12 steps):
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3 x2 3x* 3Cosh[x]? 3
o3 —A—fXZCosh[x]z—PCoth[x} +3x%Log[1-e?*| +
8 8 8 4

2x 3 2x 3 s 1 3 s
3 x PolyLog|2, e®*] - = PolylLog[3, e**] + = x Cosh[x] Sinh[x] + — x Cosh[x] Sinh[x]
2 4 2

Result (type 4, 94 leaves):

1
— (24 7°-16x3+6x* - 3Cosh[2x] - 6 x? Cosh[2x] - 16 x> Coth[x] + 48 x? Log[1 - e**] +
16

48 x Polylog |2, e**| - 24 Polylog|3, e**] + 6 xSinh[2x] +4 x> Sinh[2x] )

Problem 422: Result unnecessarily involves imaginary or complex numbers.

sz Cosh[x]2 Coth[x]3dx

Optimal (type 4, 96 leaves, 19 steps):

3x2 2x3 1, 5 5 5 .
—— - —— -xCoth[x] - =x>Coth[x]?+2x*Log[1-e**| + Log[Sinh[x]] +
4 3 2

1 Sinh[x]? 1
2 x Polylog|2, e®*| - PolylLog[3, e®*| - = x Cosh[x] Sinh[x] + inhix]” + = x?Sinh[x]?
2 4 2

Result (type 4, 98 leaves):
i 2% 1 1, 1, X
- + —Cosh[2x] + —x“Cosh[2x] -xCoth[x] - —x“Csch[x]*+
12 3 8 4 2

1
2x*Log[1-e®*] + Log[Sinh[x]] +2x PolyLog[2, e**] - PolyLog|[3, e**| - = x Sinh[2x]
4

Problem 426: Result more than twice size of optimal antiderivative.

sz Coth[a+bx] Csch[a+bx] dx

Optimal (type 4, 59 leaves, 6 steps):

4xAr‘cTanh[ea*bX] x2Csch[a +bx] 2PolyLog[2, —ea*bx} 2PolyLog[2, (ea+bx]
- - - +

b2 b b3 b3

Result (type 4, 133 leaves):

—% b*x*Csch[a+bx] -2alog[l-e?"*] -2bxLlog[1-e?P*] +2alog[1+e?PX]+
b

2bxlog[l+e?®*] +2a Log[Tanh[l (a+bx)]]-2PolyLog[2, -] +2Polylog[2, e ]
2

Problem 427: Result more than twice size of optimal antiderivative.

Jx Coth[a +bx] Csch[a+bx] dx

Optimal (type 3, 25leaves, 2 steps):
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ArcTanh[Cosh[a +bx]] xCsch[a+bx]

b2 b
Result (type 3, 114 leaves):
x Csch[a] Log[Cosh[§+ "7"]] ) Log[sinh[§+ bTXH )
b b2 b2
szch[f] Csch[§+ bz—x] Sinh[bz—x] ) xSech[%} Sech[%

2b 2b

+ 2] sinn[2X]

Problem 433: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

sz Coth[a+bx]?dx

Optimal (type 4, 65leaves, 6 steps):

- — -

b 3 b b2 b3

x2 x> x?Coth[a+bx] 2xLlog[l-e?@®%] polylog|2, e (@bx]
+ +

Result (type 4, 211 leaves):
x>  x%?Csch[a] Csch[a+bx] Sinh[bx]

— 4+ +

3 b

1
#———————i (-bx (-n+2iArcTanh[Tanh[a]]) -

1-Tanh[a]?

Csch[a] Sech[a} _p? e—Ar‘cTanh[Tanh[a]] X2

ﬂLog[lwebe} -2 (J’lbx+jAr‘cTanh[Tanh[a]]) Log[l—ce“l (jbx*“"”a”h”a”h[a”)] +

mLog[Cosh[bx]] +21ArcTanh[Tanh[a]] Log[1 Sinh[bx + ArcTanh[Tanh[a]]]] +

/

i PolyLog [2, eZJi (1 bx+1 ArcTanh[Tanh[a]]) ] ) Tanh [a]

(b3 \/Sech[a12 (Cosh[a]?-sinh[a]?) )

Problem 440: Result more than twice size of optimal antiderivative.

sz Cosh[a+bx] Coth[a+bx]?dx

Optimal (type 4, 95leaves, 10 steps):

4 xArcTanh[e*®*] 2xcCosh[a+bx] x2Csch[a+bX]

b2 b2 b
2Polylog[2, -e***] 2PolylLog|2, e*®*] 2Sinhfa+bx] x2Sinh[a+bx]
+ + +
b3 b3 b3 b

Result (type 4, 230leaves):
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;?Csch[i (a+bx” Sech[

N |

(a+bx)]

-2-3b*x?+2Cosh[2 (a+bx)] +b*x?Cosh[2 (a+bx)| +4alog[l-e?"*]sSinh[a+bx] +
4bxlog[l-e?P*]|Sinh[a+bx] -4alog[l+e?P"*|Sinh[a+bx]-4bxLog[l+e?PX]

B

Sinh[a+bx] - 4aLog|[Tanh (a+bx)]] Sinh[a+bx] +4PolylLog[2, e "] Sinh[a+bx] -
2

4Polylog[2, e | Sinh[a+bx] -2bxSinh[2 (a+bx)]

Problem 442: Result more than twice size of optimal antiderivative.

JCosh [a+bx] Coth[a+bx]%dx
Optimal (type 3, 22 leaves, 3 steps):

Csch[a+bx] Sinh[a+bXx]
- +
b b

Result (type 3, 45leaves):

Coth[i (a+bx)] Sinh[a+bx] Tanh[i (a+bx)]
- +

+

2b b 2b

Problem 446: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JX?’ Coth[a+bx] Csch[a+bx]2?dx

Optimal (type 4, 83 leaves, 6 steps):

3 x?

3x2Cothja+bx] x3Cschfa+bx]2 3xLlog[l-e?@b¥] 3polylLog|2, e?@bX ]
+ +

2 b2 2 b? 2b b3 2 b*

Result (type 4, 228 leaves):
x3Csch[a+bx]%? 3x?>Csch[a] Csch[a+bx] Sinh[b x]
+
2b 2 b?

+

1
[3 Cschla] Sech[a] [b2 g ArcTanh(Tanh(a]] y2 , =

1-Tanh[a]?

i (-bx (-7+21ArcTanh[Tanh[a -mLlog[1+e??X] -2 (1 bx+1iArcTanh[Tanh]a
( ( [Tanh([a]]) gl [Tanh([a]]
Log[1 - g2! (1bxwiArcTanh(Tanh(al]) |, ;7| og[Cosh[bx]] +2 i ArcTanh[Tanh[a]]

Log[i Sinh[bx +ArcTanh[Tanh[a]]]] + i Polylog|2, e (ibx+iArcTanhiTanhial]) | )

Tanh[a]]J/ (2 b“\/Sech[a]2 (Cosh[a]?-sinh[a]?) )
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Problem 456: Result more than twice size of optimal antiderivative.
JCoth [a+bx]2Csch[a+bx] dx
Optimal (type 3, 34 leaves, 2 steps):

ArcTanh[Cosh[a+bx]] Coth[a+bx] Csch[a+bx]
2b 2b

Result (type 3, 75leaves):

7Csch[i (a+bx)]2 7 Log[Cosh[i (a+bx)]] ) Log[Sinh[i (a+bx)]] 7 Sech[i (a+bx)]2

8b 2b 2b 8b

Problem 462: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JxCoth[a+bx]3dlx

Optimal (type 4, 82leaves, 7 steps):

x x? Coth[a+bx] xCothla+bx]2 xLog[l-e?@®X)]| Ppolylog[2, e? (@b ]
- — - - + +

2b 2 2 b? 2b b 2 b?

Result (type 4, 232leaves):

1 2 Coth[a] xCsch[a+bx]? Csch[a] Csch[a+bx] Sinh[bx]
> 2 cothlal - . )
2 2b 2b?
[Csch[a] Sech[a] |-b?2 e ArcTanh(Tanh(a]] y2 , 1
1-Tanh[a]?

i (-bx (-7+2iArcTanh[Tanh[a]]) - Log[1+e?**] -2 (ibx+iArcTanh[Tanh[a]])
Log[1 - @2t (1bx+iArcTanh(Tanh(a]]) |, s | og[Cosh[bx]] + 2 i ArcTanh[Tanh[a]]
Log[i Sinh[bx + ArcTanh[Tanh([a]]]] + i Polylog[2, e?* (1Px+iArcTanh(Tanh(a]]) ] )

Tanh[a]]}/ (2 bz\/Sech[a]2 (Cosh[a]?-sinh[a]?) )

Problem 470: Result more than twice size of optimal antiderivative.

JCsch [a+bx] Sech[a+bx] dx
Optimal (type 3, 11leaves, 2steps):

Log[Tanh[a + bx]]
b

Result (type 3, 31leaves):
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) Log[Cosh[a+bx]] Log[Sinh[a+bx]]
- +
2b 2b

Problem 485: Attempted integration timed out after 120 seconds.

Csch[a+bx] Sech[a+bx]3
J dx

X

Optimal (type 8, 21 leaves, 0steps):
Csch[a+bx] Sech[a+bx]3

Int[ B x}

X

Result (type 1, 1leaves):
222
Problem 491: Result more than twice size of optimal antiderivative.

JCsch [a+bx]2Sech[a+bx] dx
Optimal (type 3, 24 leaves, 3 steps):

ArcTan[Sinh[a+bx]] Cschl[a+bx]
b b

Result (type 3, 51 leaves):
2Ar‘cTan[Tanh[i (a+bx)]] Coth[i (a+bx)] Tanh[i (a+bx)]

- - +

b 2b 2b

Problem 505: Attempted integration timed out after 120 seconds.

Csch[a+bx]%Sech[a+bx]3
J dx

X

Optimal (type 8, 23 leaves, 0 steps):
Csch[a+bx]?Sech[a+bx]3

Int| , X|

X

Result (type 1, 1leaves):
22?

Problem 512: Attempted integration timed out after 120 seconds.

Csch[a+bx]3Sech[a+bx]
J dx

X

Optimal (type 8, 21 leaves, 0steps):



40 | Mathematica 11.3 Integration Test Results for 6.7.1 Hyperbolic functions.nb

Csch[a+bx]3Sech[a+bx]
Int|

, x]
X

Result (type 1, 1leaves):

2P

Problem 516: Result more than twice size of optimal antiderivative.
JXZCsch[a+bx}3Sech[a+bx]2d1x

Optimal (type 4, 197 leaves, 29 steps):

4 x ArcTan [ea*bx] 3 x2 ArcTanh [ea*bx] ArcTanh[Cosh[a + b x] ]
n _

b? b b3
xCsch{a+bx] 3xPolylog[2, -e*®*] 2iPolylog|2, -ie*®X]
b2 ' b2 ) b2 :
2i PolylLog[2, i e2*®*] 3 xPolyLog[2, e®®*| 3 PolyLog[3, -e?'®*]
b3 ) b2 ) b3 :
3PolyL0g[3, ea*bx} 3x2Sech[a+bx] x?>Csch[a+bx]2Sech[a+bx]
b3 2b 2b

Result (type 4, 425 leaves):

2 a , bx]2
xCschfa] X CSCh[2+ 2} 1

b? 8b b3

2 ([—jaJrE—jbx Log[1-e' Lja*iﬁjbx)] —Log[1+ei(7ja+%ibx)]) -

2

7T 1 7T
(—J‘La+—] Log[Tan| - (—ia+——1‘1bx)“ +
2 2 2
i [PolyLog[Z, et a+§—jbx)] - Polylog|2, &' (7”*%1“)]]) -
2b
(4 ArcTanh[e®®*] +3b%x? Log[1-e*?*] -3b%x? Log[1+e***] -6bxPolylog[2, -e
6 bx Polylog[2, €% + 6 PolyLog|3, -e®°*] - 6 PolyLog[3, e®**]) -

XZSechE+b7x]2 x®sech[a+bx] ) xCsch| 2] Csch[§+b7x] Sinh[bTX] )
8b b 2 b?
xSech[2] sech[2 bz—x] Sinh[bTX]
2 b?

Problem 519: Attempted integration timed out after 120 seconds.

JCsch[aerx}3Sech[a+bx]2

dx
X

Optimal (type 8, 23 leaves, 0steps):

a+bx}

+
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Csch[a+bx]3Sech[a+bx]?
Int|

, x]
X

Result (type 1, 1leaves):

2P

Problem 529: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JxCosh[a+bx]3/2 Sinh[a+bx] dx

Optimal (type 4, 64 leaves, 3 steps):
2xCosh[a+bx]%2 12]‘1E11ipticE[ij (a+bx), 2] 4 Cosh[a+bx]32Sinh[a+bx]

5b 25 b2 ) 25 b?

Result (type 5, 142 leaves):

e 3 (arbx) ((1+<e2 “’”bx)) <2+5bx+2e2(a+bx) (-12+5bx) + et (@hx) (-2+5bx)) +48¢? (a+bx)

(a+b x)

1+e? Hypergeometric2F1 |-

3
s Z’ _ez (a+bx)])]/ (50\/?[’)2 e-a-bx+ea+bx)

N R

1
a’

Problem 531: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.
x Sinh[a + b x]
J XIMArX g
Cosh(a+bx]
Optimal (type 4, 37 leaves, 2 steps):

x\/Cosh[a+bx] 41EllipticE[§j(a+bx),2]
N
b b?

X

Result (type 5, 109 leaves):

(Cosh[a+bx] -Sinh[a+bx])

(4 Hypergeometric2F1[- ~, , —Cosh[2 (a+bx)] -Sinh[2 (a+bx)]]

113
4 2 4
] Sin [ (a+bx)] +

(a+bx)] +sinh[2 <a+bx)])])/(bZ\/Cosh[a+bx] )

+

\/1+Cosh[2 (a+bx)

(-2+bx) (1+Cosh|[2

Problem 540: Result unnecessarily involves higher level functions.
Jx vV Sech[a+bx] Sinh[a+bx] dx
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Optimal (type 4, 57 leaves, 3 steps):
2 x 41 +/Cosh[a+bx] EllipticE[ij (a+bx), 2| V/sech[a+bx]
N
b~/Sech[a+ b x] b?

Result (type 5, 100 leaves):

a+b x

L /7 eax | &7
b2 1+ ez (a+b x)

((1+<e2 (X)) (_2+bx) +4+/1+e>@PX Hypergeometric2F1|[-

N |

_ (EZ (a+b x) }

nR
njw

Problem 542: Result unnecessarily involves higher level functions.
jxsinh[aerx] q

Sech[a+bx]3/2

X

Optimal (type 4, 84 leaves, 4 steps):
2x
5bSech[a+bx]®/?

12 i ~/Cosh[a + b x] EllipticE[i i (a+bx), 2] /Sech[a+bx]

+

4Sinh[a+bx]
25 b? 25b?Sech[a+bx]3/?

Result (type 5, 125leaves):

1
————e 3 (@b ((1+e2<a*bx>) (2+5bx+2e?@P (—12+5bx) +e*@PX (_245bx)) +
100 b?
1 1 3
48 e* (30X (/1 4 €2 (3®X) Hypergeometric2F1[- =, —, =, -e? @ || +/Sech[a +b x]
4 2 4

Problem 545: Result unnecessarily involves higher level functions.
JxCosh[aerx] Sinh[a +bx]3/2dx

Optimal (type 4, 98 leaves, 4 steps):
) 2] \/Sinh[a + b x]

12 i EllipticE[} (ia- 2+ ibx

25b2+/1 Sinh[a + b x]
4 Cosh[a+bx] Sinh[a+bx]3? 2xSinh[a+bx]>/?
+
25 b? 5b

Result (type 5, 143 leaves):

e 3 (arbx) ((-1+e2 (@)} (245bx+e? @ (24-10bx) +e* @ (21 5bx)) +48e® (30X

s e2 (a+bx)]])/ (SOXEbZ lie—afbx+ea+bx)

1-e?@PX Hypergeometric2Fil|-

)

N |
Hjw

N
-
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Problem 547: Result unnecessarily involves higher level functions.

dx

JxCosh[aerx]
\/Sinh[a + b x]

Optimal (type 4, 71leaves, 3 steps):
2x+/Sinh[a+bx] 41EllipticE[? (ia-Z+ibx), 2] /Sinh[a+bx]
N
b b2 /1 Sinh[a + b x]
Result (type 5, 115leaves):

[(-Cosh[a+bx] +Sinh[a+bx]) [-2 (-2+bx) Sinh[a+bx] (Cosh[a+bx] +Sinh[a+bx]) +
4~/2 Hypergeometric2F1[- l, i, Cosh[2 (a+bx)] +Sinh[2 (a+bx)]]
2 4

Problem 556: Result unnecessarily involves higher level functions.
Jx Cosh[a+bx] v/Csch[a+bx] dx
Optimal (type 4, 71leaves, 3 steps):
2 x 4 i EllipticE[} (ia- 2+ ibx], 2]

N
b+/Csch[a+bx] b2+/Csch[a+bx] +/1Sinh[a+bx]

Result (type 5, 100 leaves):

a+b x

iﬁ e-abx €
b2

~1+e? (a+b x)

((—1+e2 (@0x)) (~2+bx) -4+/1-e? @ Hypergeometric2F1[-

(EZ (a+b x) }

) )

N |

PN
W

Problem 558: Result unnecessarily involves higher level functions.
JxCosh[a+bx]

Csch[a+bx]3/2

dx

Optimal (type 4, 98 leaves, 4 steps):

: s ot 1. T .
2 X 4 Cosh[a+bx] 121E111pt1cE[;(1a—;+1bx),2}

S5bCschla+bx]®? 25b*Csch[a+bx]*? 25p2+/Csch[a+bx] +/isSinh[a+bx]

Result (type 5, 111 leaves):
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e 2 (a+hx) [2+5bx+e2<a+bx> (24-16bx) +e*@®X (_245bx) -

48 2 (2+®%) Hypergeometric2F1| - i—, i, i, e? (atbx)

]]/(mzm)

1- (EZ (a+b x)

Problem 563: Result more than twice size of optimal antiderivative.

J\/Cosh [x] Coth[x] dx

Optimal (type 3, 13leaves, 3 steps):

2+/Cosh[x] Coth[x] Tanh[x]

Result (type 3, 35leaves):

2+/Cosh[x] Coth[x] (—1+ (—Sinh[x]2)1/4) Tanh[x]

(-Ssinh[x]2)*/*

Problem 584: Result more than twice size of optimal antiderivative.

J(a Cosh[x] +bSinh[x])®dx

Optimal (type 3, 61leaves, 3 steps):

(aszz)z (bCosh[x] +asSinh[x]) +
2 (a®-b?) (bCosh[x] +aSinh[x])?+ 1 (bCosh[x] +asSinh(x])®
3 5
Result (type 3, 133 leaves):
1
240
(15@b (az—bz)ZCosh[x] -25b (-3a*+2a*b*+b*) Cosh[3x] +3b (5a*+10a”b®+b*) Cosh[5x] +

150 a (az—b2>zsinh[x] +25a (a*+2a*b®>-3b*) sinh[3x] +3a (a*+ 102> b*+5b?) Sinh[5x])

Problem 590: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J\/a Cosh[x] +bSinh[x] dx

Optimal (type 4, 65leaves, 2 steps):

21 EllipticE[i (ix-ArcTan[a, -ib]), 2] v/aCosh[x] +bSinh[x]

\/aCosh x]+b Sinh[x



Mathematica 11.3 Integration Test Results for 6.7.1 Hyperbolic functions.nb | 45

Result (type 5, 206 leaves):

b (-a?+ b?)

HypergeometricPFQ[{- —, - 1}, {i}, Cosh|[x +Ar‘cTanh[E] ]2] Sinh[x + ArcTanh | 9} |+
4 4

a a

2
\/Sinh[x+Ar‘cTanh[b} ]2 2a® [1- bfz Cosh[x] - 2a (a*-b?) Cosh[x+Ar‘cTanh[EH +
a a a
2 b> _. 2 s b S, b
2a°b 177 Sinh[x] +a bSlnh[x+Ar‘cTanh[fH -b Slnh[x+Ar‘cTanh[fH /
a a a

b? _ . b,.2
ab [1-— +/aCosh[x] +bSinh[x] —Slnh[x+Ar‘cTanh[fH

N\I—‘

a2 a

Problem 591: Result unnecessarily involves higher level functions.

J(a Cosh[x] +bSinh[x])*?dx

Optimal (type 4, 103 leaves, 3 steps):

2
~ (bCosh[x] +aSinh[x]) +/aCosh[x] +bSinh[x] -
3

{21‘1 (a% - b?) EllipticF[l (ix-ArcTan[a, -ib]), 2] \/aCosh[x] +bSinh[x] /
2 a2_b2

(3 VaCosh[x] +bSinh[x] )

Result (type 5, 92 leaves):

2 2
— |bCosh[x / — b \/Cosh X + ArcTanh [ ) ] } HypergeometricPFQ H
3

—Sinh[x+Ar‘cTanh[§} ]2] Sech[x+Ar‘cTanh[EH +aSinh[x]| v/aCosh[x] +bSinh[x]

}{}:

&R

Problem 592: Result unnecessarily involves higher level functions.

J(a Cosh[x] +bSinh[x])>'?dx

Optimal (type 4, 103 leaves, 3 steps):
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Ul N

(bCosh[x] +asinh[x]) (aCosh[x] +bSinh[x] )3/2—

(
(61‘1 (a% - b?) Ellip‘cicE[l (ix-ArcTan[a, -ib]), 2] v/aCosh[x] +bSinh[x]
2

/

5 aCosh[x] +bSinh[x]

Result (type 5, 193 leaves):

(aCosh[x] +bsSinh[x]) (6a (a®>-b®) +2ab*Cosh[2x] +b (a®+b?) Sinh[2x] ) -

[3 (a-b)? (a+b)?

b HypergeometricPFQ| {- 1, 73}, {i}, Cosh[x+Ar‘cTanh[E] }2} Sinh[x+Ar‘cTanh[EH +
2 4 4 a a

a a a

\/—Sinh[x+Ar‘cTanh[EH2 (2aCosh[x+Ar‘cTanh[EH bSinh[x+Ar‘cTanh[bH]]]/

2
a\/l_b \/Sinh[x+Ar'cTanh[bH2] /(Sb\/aCosh[x]+bSinh[x])
a2 a

Problem 593: Result unnecessarily involves higher level functions.

1

dx

J\/a Cosh[x] + b Sinh[x]
Optimal (type 4, 65leaves, 2 steps):

2 EllipticF[ (ix-ArcTan[a, ~ib]), 2] \/M

[a2_p2?

v/aCosh[x] +bSinh[x]

Result (type 5, 81 leaves):
1

aZ
:l.—b—2 b

2\/Cosh[x+Ar‘cTanh[§H2 HypergeometricPFQ[{ =, l}, {5}, —Sinh[x+Ar‘cTanh{§H2]
4

2

TGN

Sech|[x +Ar‘cTanh[§] | VaCosh[x] +bSinh[x]
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Problem 594: Result unnecessarily involves higher level functions.

J ! dx
(acCosh[x] +bSinh[x])??

Optimal (type 4, 112leaves, 3 steps):
2 (bCosh[x] +aSinh[x])

+

(a?-b?) v/aCosh[x] +bSinh[x]

ZiEllipticE[i (ix-ArcTan[a, -ib]), 2] v/aCosh[x] +bSinh[x]

(a2 b?) Jmmmm

a2_p?

Result (type 5, 148leaves):

b HypergeometricPFQ[{- —, - 1} s {i} , Cosh[x + ArcTanh | E] ] 2} Sinh[x + ArcTanh | E] | -
4

4 a a

N\I—‘

\/—Sinh[x+Ar‘cTanh[E} ]2

a

b? b ) b
2a |1- - Cosh[x] —2aCosh[x+Ar‘cTanh[fH +bSlnh[x+Ar‘cTanh[fH /
a a a

b2 , . b2
ab 177 v/aCosh[x] +bSinh[x] —Slnh[x+Ar‘cTanh[*H
a a

Problem 595: Result unnecessarily involves higher level functions.

J ! dx
(aCosh[x] +bsSinh[x])>?

Optimal (type 4, 116 leaves, 3 steps):
2 (bCosh[x] +asSinh[x])

3 (a2-b?) (aCosh[x] +bsSinh[x])>?

ZiEllipticF[% (i x-ArcTan[a, -ib)] \/w

a2 b?

3 (a?-b?) VaCosh[x] +bSinh[x

Result (type 5, 133 leaves):
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2

a2
-||2]./1-— b (bCosh[x] +aSinh[x]) + \/Cosh[x+Ar‘cTanh[—H HypergeometricPFQ| {
2 b

b

{E}, —Sinh[x+Ar‘cTanh[i] ]2] Sech[x+Ar‘cTanh[iH (aCosh[x] +bsSinh[x] )2

4 b

a2 .
[3 1_b—2 b (—a+b) (a+b) (aCosh[x] +b51nh[x])3/2

Problem 648: Result more than twice size of optimal antiderivative.

J(a Coth[x] +bCsch[x]) dx

Optimal (type 3, 12leaves, 3 steps):
-b ArcTanh[Cosh[x]] +aLlog[Sinh[x]]

Result (type 3, 25leaves):

X X
-b Log[Cosh[;} | +b Log[Sinh[;} | +aLog[Sinh[x]]

Problem 658: Result more than twice size of optimal antiderivative.

J(Coth[x] +Cschx]) dx

Optimal (type 3, 9leaves, 3 steps):
—ArcTanh[Cosh[x]] + Log[Sinh[x]]

Result (type 3, 20leaves):

7Log[Cosh[£] |+ Log[Sinh[i] | +Log[Sinh[x]]
2 2

Problem 674: Result more than twice size of optimal antiderivative.

J(Csch [x] +Sinh[x]) dx

Optimal (type 3, 8leaves, 3 steps):
—-ArcTanh[Cosh[x]] + Cosh[x]

Result (type 3, 19leaves):

Cosh[x] - Log[Cosh[i] ]+ Log[sinh[i] ]
2 2

b

|

3

1
4

/

N |

}s
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Problem 677: Result more than twice size of optimal antiderivative.

J\/Csch [x] +Sinh[x] dx

Optimal (type 3, 13leaves, 4 steps):

2+/Cosh[x] Coth[x] Tanh[x]

Result (type 3, 35leaves):

2+/Cosh[x] Coth[x] (71+ (—Sinh[x]2)1/4) Tanh [x]

(—Sinh[x]z)l/4

Problem 687: Result more than twice size of optimal antiderivative.

J ! dx
Sinh[x] - Tanh[Xx]

Optimal (type 3, 20leaves, 6 steps):

- 1Ar‘cTanh [Cosh[x]] + - r
2 2 (1-Cosh[x])
Result (type 3, 50 leaves):
- % Csch[g]2 (1 - Log[Cosh[g] | + Cosh[x] (Log[Cosh[z] |- Log[Sinh[z] }) + Log[Sinh[g] ])

Problem 702: Result more than twice size of optimal antiderivative.

Sinh[x]
J dx
(acCosh([x] +bSinh[x])?

Optimal (type 3, 19leaves, 2 steps):
Tanh[x]?

2a (a+bTanh[x])2

Result (type 3, 54 leaves):
a2 -b? +b?Cosh[2x] +abSinh[2X]

2a(a-b) (a+b) (aCosh[x] +bSinh[x])?

Problem 704: Result more than twice size of optimal antiderivative.

Cosh[x]
J dx
(acCosh([x] +bsSinh[x])?

Optimal (type 3, 191eaves, 2 steps):
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Coth[x]?
2b <b+aCo‘ch[x})2

Result (type 3, 40 leaves):
b Cosh[2x] +aSinh[2X]

2 (a-b) (a+b) (aCosh[x] +bSinh[x])2

Problem 745: Result more than twice size of optimal antiderivative.
1

J dx
(a+bCosh[x] +cSinh[x])*
Optimal (type 3, 220 leaves, 6 steps):

c-(a-b) Tanh| X

+/ a2-b%+c?

a (2 a2 +3b2-3 cz) Ar‘cTanh[

(a? - b2 +c2)7/2

c Cosh[x] + b Sinh[x] 5 (acCosh[x] +abSinh[x])

3 (a?2-b%+c?) (a+bCosh[x] JrcSinh[x})3 6 (az—b2+c2)2 (a+bCosh[x] JrcSinh[x})2

¢ (11a2+4b?-4c?) Cosh[x] +b (11a?+4b? - 4c?) Sinh[x]

6 (a27b2+c2)3 (a+bCosh[x] +cSinh[x])

Result (type 3, 488 leaves):

c+(-a+b) Tanh| X }

\/ —a%+b?-c? 1

(-a?+b2-c?)7? 24b (a2 -b%+c2)? (a+bCosh[x] +cSinh[x])?

a (2 a2+3b2—3c2) ArcTan |

(-442°c-82a’b>c-24ab*c+82a°c’+48ab’c®-24ac®-30a’bc (2a®+3b*-3c?) Cosh[x] -
6ac (a® (-7b>+11c?) +2 (b*+b?>c®-2c?)) Cosh[2x] +22a*b>cCosh[3x] +
8b° c Cosh[3x] -22a2bc?Cosh[3x] -16b3c®Cosh[3x] +8bc”Cosh[3x] +72a*b?Sinh[x] -
9a2b*Sinh[x] +12b%Sinh[x] - 132 a* c?Sinh[x] - 72 a? b2 c? Sinh[x] - 36 b* c? Sinh[x] +
81 a% c*Sinh[x] +36b% c*Sinh[x] -12c®Sinh[x] +54a3b3>Sinh[2x] +6ab®Sinh[2x] -
78a>bc?Sinh[2x] -48ab3c?Sinh[2x] +42abc*Sinh[2x] +11a%2b*Sinh[3 x] +
4b°sinh[3x] -4b*c®Sinh[3x] -11a*c*Sinh[3x] -4b*c*Sinh[3x] +4c®Sinh[3x])

Problem 749: Result more than twice size of optimal antiderivative.

1
Ja +aCosh[x] +cSinh[x]

dx

Optimal (type 3, 15leaves, 2 steps):

Log|a +cTanh[§H

C

Result (type 3, 35leaves):
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i Log[Cosh |2 ]] ) Log[aCosh[*] +csinh[*]]
c C

Problem 750: Result more than twice size of optimal antiderivative.
1

J dx
(a+aCosh[x] +cSinh[x])?
Optimal (type 3, 43 leaves, 4 steps):
alog[a +cTanh{§H

c Cosh[x] +aSinh[x]

c3 c? (a+aCosh([x] +cSinh[x])
Result (type 3, 87 leaves):

2+ [-tog[cosn| ] - toglcosn| ] st %] o L

2¢3

—cTanh[i]
a(aCosh[ ]+cSinh[§” 2

X
2

Problem 752: Result more than twice size of optimal antiderivative.
1

dx
J (a+aCosh[x] +cSinh[x])*

Optimal (type 3, 140leaves, 5steps):

a(5a’-3¢?) Log[a+cTanh[§]] c Cosh[x] +aSinh[x]
2¢’ 73c2(a+aCosh[x]+cSinh[x])37
5 (acCosh[x] +a?Sinh[x]) ¢ (15a2-4c?) Cosh[x] +a (15a%-4c?) Sinh[x]
6 c* (a+aCosh(x] +cSinh(x])? ) 6 c® (a+acCosh[x] +cSinh[x])

Result (type 3, 300leaves):

1
384 ¢’

192 (-5a°+3ac?) Log[Cosh[iH +
2

1

192a (5a%-3c?) Log[aCOSh[i} +cSinh[§H -

2 2 a(a+cTanh[§”3

X,6
cSech[ =] (-150a°c+138a*c®-24ac®+ (-75a°c+75a>c®>+12ac’) Cosh([x] +
2

6ac (25a*-15a%*c*+4c*) Cosh[2x] +75a° cCosh[3x] - 35a%c?Cosh[3x] +

4ac’Cosh[3x] +150a°sSinh[x] - 255 a* c?2 Sinh[x] + 129 a? c*Sinh[x] -

12 c®Sinh[x] + 120 a®° Sinh[2 x] - 72 a* c? Sinh[2 x] + 36 a® c* Sinh[2 x] +

30a°Sinh[3x] +37a%c®Sinh[3x] - 27 a%c*Sinh[3x] + 4 c®Sinh[3x])
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Problem 760: Result more than twice size of optimal antiderivative.

1

J\(\/bz—c2 b Cosh| ]+cSinh[x1)4

dx

Optimal (type 3, 198 leaves, 4 steps):
c Cosh[x] + b Sinh[x] 3 (cCosh[x] +bSinh[x])

+ +

7/b% -2 (\/bz—c2 +b Cosh[x] JrcSinh[x])4 35 (b - c?) (\/bz—c2 +b Cosh[x] JrcSinh[x])3

2 (c Cosh[x] +bSinh[x]) 2 (c+\/ b2 - c? Sinh[x})
35 (b% - c?) "2 (Aﬁbz +bCosh[x] +cSinh[x})2 35¢ (b?-c?)*? (cCosh[x] +bSinh[x])

Result (type 3, 425leaves):
1

1120 (b-c)c(b+c) (cCosh[x] +bSinh[x])’
[—832b4Cx/b2—c2 +1664 b2 c3+/b%-c? -832c°/b?-c? +1190bc (bz—cz)ZCosh[x] +

448 c \|b> - c® (-b*+c*) Cosh[2x] +112b° c Cosh[3 x] + 56 b c* Cosh[3 x] -

168 b c® Cosh[3 x] - 28 b c Cosh[5x] + 28 b c® Cosh[5x] +6b® c Cosh[7 x] +

20b3 c3Cosh[7x] +6bc®Cosh[7 x] -35b®Sinh[x] + 1295 b* c?Sinh[x] -

2485 b? c* Sinh[x] + 1225 c® Sinh[x] - 896 b® c2/b%2 - c? Sinh[2x] +

896 b c*+/b? - c? Sinh[2x] +21b%Sinh[3 x] +189b*c?Sinh[3 x] - 161 b% c*Sinh[3 x] -
49 c®sinh[3 x] - 7b®Sinh[5 x] - 35 b* c? Sinh[5 x] + 35 b% c* Sinh[5 x] +

7 c®Sinh[5x] +b®Sinh[7 x] + 15b* c?2Sinh[7 x] + 15 b? ¢* Sinh[7 x] + c® Sinh[7 x]

Problem 761: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(a +bCosh[x] +cSinh[x])*?dx

Optimal (type 4, 294 leaves, 7 steps):
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16 . -
— (acCosh[x] +absinh[x]) va+bCosh[x] + cSinh[x] +
15

2 . : 3/2

(cCosh[x] +bsSinh[x]) (a+bCosh[x] +cSinh[x])**-

5

24/b%-¢? ]
a+Vb%-¢c?

(Jix—Ar‘cTan[b, i c]),

N |

21i (23a%+9b?-9c?) EllipticE|

a+bCosh c Sinh
vJa+bCosh[x] +cSinh[x] /15 - [x] + c inh [X]

a+Vb?-c?

2+ b2 - ¢? }
a+Vb2-c?

16 i a (a®-b®+c?) EllipticF|~ (ix-ArcTan([b, -ic]),

N |

a+bCosh[x] +cSinh[x] /(15\/a+bCosh[x] T Csinhix] )

a+\/b%-c?

Result (type 6, 3775 leaves):
2b (23a2+9b2-9¢?)
15 c¢

+

va+bCosh[x] +cSinh[x]

+

22 2 2 1, o e
—acCosh[x] + —bcCosh[2x] + — abSinh[x] + = (b*+c?) Sinh[2X]
15 5 15 5

CZ

J'l[a+ 1-2 cSinh[x+Ar‘cTanh[?H]

=

; 1 1 3
2a° AppellFl|—, =, =, =, - s
2 2

i [a+ [1-5 csinh[x+ArcTanh[2]]
C C

| Sech[x +ArcTanh| E} ]
C

-b2:c? . -b2+c? . b
c ITC -ic /Tc Slnh[x+Ar'cTanh[;H

-1+ 1Sinh [x + ArcTanh [E} ]
[«
-b2+¢?

1a+C 2

| 53
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c\/F+chSinh[x+Ar‘cTanh[gH
a+c

b2 4 2 .
———— Sinh[x +ArcTanh| —] ]

2, c2 CZ c
—ia+c | b=
C2
b2 o A
1-— ¢ 1[1+Slnh[x+Ar'cTanh[fH) N
c? c
i [a+\/jcsinh[x+Ar‘cTanh[bH]
¢ C
2 1 1 1 3
34ab?AppellFl[~, =, =, =, - ,
272727 2
bZ
_C_Z _ 1a2 c
1—:—2(:

i [a+\/€csinh[x+Ar‘cTanh[i’H

| Sech[x + ArcTanh | E} ]
c

b 'bz—?z —Jic\/—bz:sinh[x+Ar‘cTanh[EH
-1+ 1 Sinh|x+ArcTanh|[—]]
c
Jia+c\/?

_b2.c2 . a0 .
C b_;C +1C\/;51nh{X+Ar‘cTanh[EH
C c c
a+C
2, 2
jaNF
c2

o | .
15 [1-— ¢ 1(1+Slnh[x+Ar‘cTanh[fH] _
c

b2+ b
———— Sinh[x +ArcTanh| =] |
c? c
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. b% . b
i (a+ ll—cz c51nh{x+Ar‘cTanh[cH]

bl 3

34 a c AppellF1]|

N R
N R
N R

3
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2

3 3

c2

Ji[a+ 1- Y cSinh[x+Ar‘cTanh[%H

- ] Sech[x+Ar‘cTanh[EH
C
b? ia

b2

b C 7bz_;c2 —ic\/;sinh[x+ArcTanh[EH
-1+ Sinh[x+ArcTanh|[—]]

C 2,02
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CZ

h2.c2 . b2.c2 .
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a+b ll—;% Cosh[x+Ar‘cTanh[§H

} Sinh [x +ArcTanh [ E] ] /

bJ% —b\/% Cosh|x +ArcTanh| <] |
c2 b b b

b [1- —
b b2_c2
a+b o
b\/u +bJu Cosh[x +ArcTanh| €| |
b2 _ CZ C b b? °
arb | ——— Cosh|[x +ArcTanh|[ =] |
b b b2_c2
-a+b T
2b [a+bECosh[x+Ar‘cTanh{§H csinh[X+Af‘CTa”h{5H
- b2_c2 * 5 :
bE 1
. 5c
\/a+bECosh[x+Ar‘cTanh[ﬁH
a+b\/:Cosh[x+Ar‘cTanh[£H
1 1 1 1 b i
3b* | |cAppellFl[-—, - =, - =, =, s
2 2 2 2

a+b [1-< Cosh[x+ArcTanh[<]]
AT b b

| sinh[x +Ar‘cTanh[£H /

b
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b2_c2
—b\/b—f Cosh[x +ArcTanh [ *] |

b%-¢?

a+b o

b2_c2 b2_c2
b\/b—f +b\/b—2c Cosh[x + ArcTanh[ =] ]

b2_c2
b2

b2 - c?

bZ

Cosh|[x +ArcTanh | i] ]

-a+b

2b [a+b | 1—%} Cosh[x+ArcTanh{§}}

- +

b2-c?
b /17;;
a+b /1—;% Cosh[x+Ar~cTanh[§H

cSinh[x+ArcTanh[ ]w

c
b

a+b ll—;% Cosh[x+Ar‘cTanh[§H

) )

)

1 1
——a’c | |cAppellFl[-—, - =, -

11
15 20 27 272

]

a+b ll—;—i Cosh[x + ArcTanh|

S Te}

| sinh[x +Ar‘cTanh[EH /

bezbzcz bezb;z Cosh[x+Ar‘cTanh[§H
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b\/bzbzc2 +be2bzcz Cosh[x+ArcTanh[§]]

b2 - c?

c
a+b | ——— Cosh[x+ArcTanh[~]]
b2 b bct

-a+b "

2b [a+b 1—§—§ Cosh[x+Ar‘cTanh{;—H

- . cSinh [x+Ar‘cTanh [ E] }

b2_c2 .

b [1-5

\/a+b 1- < Cosh[x+ArcTanh[<]]
AT b b

a+b |1- < Cosh[x+ArcTanh[<]]
1 1 b b

6, 11
—b?c | |cAppellFl[-—, - =, - =, =, s
5 2 2 2 2

a+b ll—;% Cosh[x+Ar‘cTanh[§H

} Sinh [x +ArcTanh [ E] ] /

b2_c2 b2_c2
2 b\/b—zc —be—f Cosh|[x +ArcTanh [+ ] |

b [1-
b2

2 2
a+b Lb;c

b | Y=< Lp uCosh[x+Ar‘cTanh[5H

b2 _ 2 c b2 b2 b
a+b | ——— Cosh[x+ArcTanh|~]]
b2 b

—a+b [P

b2
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2b [a+b | 1—;—2 Cosh[x+Ar‘cTanhH—H

- +

b2_c2
b /17;;
\/a+b [1- ;% Cosh[x+Ar‘cTanh{ﬁH

c Sinh [x+Ar‘cTanh[ ] w

c
b

a+b |1-< Cosh[x+ArcTanh[<]]
3 101 1 1 \ b b
=c? | |cAppellFl[-—, - =, - =, =, s
5 2 2
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b [1-S

a+b ll—ﬁ—i Cosh[x+Ar‘cTanh[§H

| sinh|x +Ar‘cTanh[£H /

b
b € 1 2
B2 |
b [1-S
bZ
b [P _p [ Cosh[x+Ar‘cTanh[5H
c2 b2 b2 b
b 1—b7
a+b |22
bZ
b [P Lp @Cosh[XJrArcTanh[S]]
P cosn <) - - b
a+b | ——— Cosh|x+ArcTanh| — -
2
° ° —a+b |
bZ

2b [a+b 1—% Cosh[x+Ar‘cTanh{%H

- . cSinh [x+Ar‘cTanh [ :T] }

b2_c2 ;

b [1-5

\/a+b 1- < Cosh[x+ArcTanh[<]]
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Problem 762: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(a +bCosh[x] +c¢ Sinh[x])3/2 dx

Optimal (type 4, 249 leaves, 6 steps):

2
— (cCosh[x] +bsSinh[x]) va+bCosh[x] + cSinh[x] -
3

2+/b%-c?
a+Vb%-c?

(i x-ArcTan[b, -ic]),

3 a+bCosh[x] +cSinh[x]
a+Vb%-c?
1 2/b?-¢?
21i (a®-b?+c?) EllipticF|[ = (ix-ArcTan(b, -ic]), ————
2 a+r\Vb2-c2

] va+bCosh[x] +cSinh[x]

N |

(8 iaEllipticE]

/

a+bCosh[x] +cSinh[x]
a+\V/b%-c?

/(3\/a+bCosh[x] +cSinh[x] )

Result (type 6, 2292 leaves):

8ab 2 2
[ + —cCosh[x] + —bSinh[x]
3c 3 3

va+bCosh[x] +cSinh[x] +

i [a+ 1-2 cSinh[x+Ar‘cTanh[gH]
C C

2 a® AppellFi 1 3
ppellFl[—, =, =, =, )
2 2 2 2
bZ
1-% |1- 1“; c
i[a+ ll—tc’—z cSinh[x+Ar‘cTanh[%H )
- ] Sech[x +Ar‘cTanh[f] ]
C
R R
< 1—5c
\/ [ [b]] C l’bz%cz -1c /’bzifz Sinh[x+Ar‘cTanh[%H
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C

-b%4c?

CZ

i1a+c
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e \ e c 22 b /
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X 1 1 1
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1 1
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a+b ll—;% Cosh[x+Ar‘cTanh[§H

} Sinh [x +ArcTanh [ E] ] /

bJ% —b\/% Cosh|x +ArcTanh| <] |
c2 b b b

b [1-—
b2
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b2 o2 b\/bzb—zCZ +be2b—zcz Cosh[x + ArcTanh[ & ]|
a+b ;zc Cosh[x+Ar‘cTanh[£H
° ° —a+b [P
b2

2b [a+b | 1—% Cosh[x+Ar‘cTanh{;—H

B N c Sinh [x+Ar‘cTanh { H w
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b2_c2 b2_c2
2 be—f —b\/b—f Cosh[x +ArcTanh [ *] |

b%-¢?

a+b o

b2_c2 b2_c2
b2 o2 b\/b—zc +b\/b—2c Cosh[x + ArcTanh[ =] ]

c
a+b | ——— Cosh[x+ArcTanh|—]]
b? b

b?-¢?

-a+b o

2b [a+b /1—;—2 Cosh[x+Ar‘cTanh[;—H

- +

b2-c?
b /17;;
\/a+b [1- ;% Cosh[x+Ar‘cTanh[ﬁ]]

Problem 763: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

c Sinh [x+Ar‘cTanh[ ] w

c
b

J\/a +bCosh[x] +cSinh[x] dx

Optimal (type 4, 102 leaves, 2 steps):

2+ b2 - c?
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N |
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2
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Result (type 6, 1401 leaves):
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b? b
N b%-c? *
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b l—b—2

\/a+b 1- < Cosh[x+ArcTanh|<]]
\ T b b

Problem 764: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
dx

J\/a+bCosh[x1 +cSinh[x]

Optimal (type 4, 102 leaves, 2 steps):
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1

) )

2 AppellF1]
2

2 2
1-2 ¢ a+i [1-2 ¢ a-1 [1-2 ¢
2 CZ c2

a+bCosh[x] +cSinh[x] a+bCosh[x] +cSinh[x] ]

)

1 3
)
2 2

N |

C

Sech [x +Ar‘cTanh[E] ] v a+bCosh[x] +cSinh[x]
C

-1 ll—'z—z c+bCosh[x] +cSinh[x] i ll—tc’—z c+bCosh[x] +cSinh[x]

. 2 . 2
a+1 17b—2c a-1 l—bjc
C C

Problem 765: Result unnecessarily involves higher level functions and more

than twice size of optimal antiderivative.
1

dx
J(a +bCosh[x] +cSinh[x] )3

Optimal (type 4, 156 leaves, 3 steps):
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| sinh[x +Ar‘cTanh[E]] /

B b\/bzb'—zCz —b\/bzb‘—zcz Cosh[x+Ar‘cTanh[§H

b [1-—
b2

b%-¢?

a+b -

b2 o2 b\/bzb—zCZ +b\/b2b—2cz Cosh[x+Ar‘cTanh[§]]

c
a+b | —— Cosh[x+Ar‘cTanh[gH

2b [a+b /1—;—2 Cosh[x+Ar‘cTanh{Z—H

B . c Sinh [x+Ar‘cTanh [ :—] w

b%-c? )
b /1—;—2
\/a+b [1- ;—2 Cosh[x+Ar‘cTanh[§”

Problem 766: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1

dx
J(a +bCosh[x] +cSinh[x])*?

Optimal (type 4, 322 leaves, 7 steps):
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2 (cCosh[x] +bSinh[x]) 8 (acCosh[x] +absSinh[x])

3 (a27b2+c2) (a+bCosh[x] JrcSinh[x})B/2 3 (az—b2+c2>2\/a+bCosh[x1 + ¢ Sinh[x]

1 24/b%-¢?
8iaEllipticE[~ (ix-ArcTan[b, -ic]), —————|+/a+bCosh[x] +cSinh[x] /
2 a++/b2-c2
a + b Cosh c Sinh
3 (az—b2+c2)2 - [x] +c5inh[X] +
a+b%-¢?
, L 1 ' 24/b%-¢? a+bCosh[x] +cSinh[x]
2 i EllipticF[ = (ix-ArcTan[b, -ic]), /
2 a+Vb?-c? a+vVb%-c?

(3 (a>-b%+c?) Va+bCosh[x] +cSinh[x] )

Result (type 6, 2492 leaves):
8a (b?-c?) 2 (ac-b?sinh[x] +c?Sinh[x])

vJa+bCosh[x] +cSinh[x]

2 (-3a’c-b>c+c*+4ab?Sinh[x] -4ac?Sinh[x])

+

3b (—a2+b2—c2>2 (a+bCosh[x] +cSinh[x])

CZ

Ji[a+ 1-2 cSinh[x+Ar‘cTanh[gH}

, 11 1 3
2a% AppellFl[ =, =, =, =, - B
2 2 2 2

CZ

j[a+ 1-Y cSinh[x+Ar‘cTanh[SH

- ] Sech[x+Ar‘cTanh[EH
C

N c | L:CZ ~ic | Lzzcz Sinh|[x +Ar‘cTanh[%H
-1+1iSinh[x+ArcTanh|[—]]
c
ia+c | LZZCZ

3bc (a?-b2+c?)? 30 (-a2+b%-c?) (a+bCosh[x] +cSinh[x])? i

| 71
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c b2+cz ’b e Sinh| x+Ar‘cTanh[ H b . o2
\/ _b%2+c

a+c | — Sinh[x+Ar‘cTanh[EH

. c? c
_ia+c —b+c?
c2

[ 17% c (a2b2+c2)2\/j (J‘L+Sinh[x+Ar‘cTanh[gH] ]+

C
i [a+ ll—tc’% cSinh[x+Ar‘cTanh[EHJ

X 11 1 3
2b? AppellFl[ =, =, =, =, - s
2 2

2 2
1—S—§ -—ta ¢
1—%:
Ji[a+ /l—tc’% cSinh[x+Ar‘cTanh[%H X
- | sech[x +ArcTanh| ]|
C
S R R E .
< [ l—i—zc

blac FSlnh x+Ar‘cTanh[ 11

b
-1+ 1 Sinh|x+ArcTanh|[—]]

C 2,02
ia+c —b%+c?
CZ

’bz*cz ic | =< sinh [x +ArcTanh| 9} ]
¢ < -b%2+c? b
Sinh[x + ArcTanh| =] |
. -b2+c? c* ¢
“iavc [0S

[3Ec (az—b2+c2)2\/j (j+sinh[x+ArcTanh[gH] ]
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. b% . b
i [a+ [1-3 c51nh[x+Ar‘cTanh[cH]

3 3

1 1
2 c AppellFi[ =, =,
2 2

N |
N W

3

c2

Ji[a+ 1- Y cSinh[x+Ar‘cTanh[%H

- ] Sech[x+Ar‘cTanh[EH
C
b? ia

b2

b C 7bz_;c2 —ic\/;sinh[x+ArcTanh[EH
-1+ Sinh[x+ArcTanh|[—]]

C 2,02
ia+c —b?+c?
CZ

_b2.ic2 . _h2.¢2 .
c | S 4ic | XS sinh[x+ArcTanh[2]]
C C C
2 2
Ciasc | =
c2

(a27b2+c2)2 j(j+sinh[x+Ar‘cTanh[EH] -
c

-b? + 2

a+c Sinh[x+Ar‘cTanh[EH /

c? c

L1 11 a+b ll—E—iCosh[x+Ar‘cTanh[§H
4ab? | |cAppellFl[-—, - =, - =, =, >
2 2 2 2
2
b —;7 1 -
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a+b |1-¢ Cosh[x+Ar‘cTanh[5H
VL b c c?
} Sinh [x +Ar‘cTanh[E] ] / b [1-—

b2
7;% -1+ -
b 175
b | _b |2 Cosh|x+ArcTanh|<]]
b b b b2 - ¢2 C
a+b Cosh|[x +ArcTanh| =]
b2 b
a+b [2=¢
bZ
b2_c2 b2_c2
b [ *5= +b [ %55 Cosh[x+ArcTanh| =] ]
\ -a+b be;Cz

2b [a+b | l—Z—z Cosh[x+Ar‘cTanh[;—H

- +

b2_c2 ;
b /1*;7
/(3c(a2—b2+c2)2)+
\/a+b /1—;% Cosh[x+Ar‘cTanh[§]]

c Sinh {x+Ar‘cTanh [ ;—] w

1 1
ﬁ4ac cAppellFl[fg,f*,f*, - s
3 (a*-b*+cC

a+b 1—% Cosh[x+Ar‘cTanh[5H
A/ b b c
}Sinh{x+Ar‘cTanh[fH/
b
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b2_c2 b2_c2
2 be—f —be—: Cosh[x +ArcTanh [ *] |

b%-¢?

a+b o

b2 o2 . b\/bzb—zcZ +b\/b2b—2c2 Cosh[x + ArcTanh[ =] ]
a+b b—2 Cosh[x+Ar‘cTanh[EH

b?-¢?

-a+b o

2b [a+b | 1—5} Cosh[x+ArcTanh[§]}

- +

b2-c?
b /17;;
\/a+b /1—;% Cosh[x+Ar‘cTanh[ﬁ]]

Problem 767: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

cSinh[x+ArcTanh[ ]w

c
b

1

dx
J(a +bCosh[x] +cSinh[x])""?

Optimal (type 4, 411 leaves, 8 steps):
2 (c Cosh[x] +bSinh[x] ) 16 (a c Cosh[x] +abSinh[x] )

5 (a2 -b%+c2) (a+bCosh[x] +cSinh[x])>? 15 (a?-b2+c?)? (a+bCosh[x] +cSinh(x])?>?

1 2+/b%-¢c?
{21 (23a®+9b%-9c?) EllipticE| ~ (ix-ArcTan[b, -ic]), ——— |
2 a+rVb2-c2
a+bCosh[x c Sinh[x
vJa+bCosh[x] +cSinh[x] /15<a2—b2+c2)3 - [x] + [x] +
a+\Vb2-c?

N |

(i x-ArcTan[b, -ic]),

/

2

a+Vb%-c?

[16 iaEllipticF|
a+Vb?-c

2+/b%-¢? }\/aerCosh[x} +cSinh[x]

(15 (az—b2+c2)2\/a+bCosh[x] + ¢ Sinh[x] )—
2 (c (23a2+9b?-9c?) Cosh[x] +b (23a2+9b?-9c?) Sinh[x])

15 (az—b2+c2)3\/a+bCosh[x1 +cSinh[x]

Result (type 6, 4093 leaves):
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vJa+bCosh[x] + cSinh[x]

2 (23a2+9b2-9c?) (b2-c?) 2 (ac-b?sinh[x] +c?Sinh[x])

15bc (-a2+b2-c?)’ sb (-a2+b%-c?) (a+bCosh[x] +cSinh(x])> _

2 (-5a%c-3b2c+3c®+8ab?Sinh[x] -8ac?Sinh[x])

+

15b (—a2+b2—c2)2 (a+bCosh[x] +cSinh[x})2
(2 (-15a°c-17ab’>c+17ac’+23a’b®>Sinh[x] + 9b*Sinh[x] - 23 a* c* Sinh[x] -

18 b% c? Sinh[x] +9c4Sinh[x]))/(15b (—a2+b2—c2)3 (a+bCosh[x] +cSinh[x1)) +

. b2 . b
L s 1[a+ ll—c—2 c51nh[x+Ar‘cTanh[;HJ

3 1113
2a AppellFl[ s T
2

) )

)
2 2 2

CZ

J’l[a+ 1- % cSinh[x+Ar‘cTanh[%H

| Sech[x +ArcTanh| E} ]

C
b? ia

b2

S

N c 'bz—;cz -ic /'bz—;cz Sinh[x+Ar‘cTanh[%H
-1+ 1 Sinh|x+ArcTanh|[—]]

C 2,02
ia+c —b%+c?
CZ

_h2 2 . _h2.c2 .
c | S 4ic | XS sinh[x+ArcTanh[2]]
C C C
2 2
Ciatc |
c2

1- — c(az—b2+c2)3 j(j+sinh[x+Ar‘cTanh{EH +
c

-b2 4+ 2 b
———— Sinh[x +ArcTanh| —] | /
c? c

a+cC
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. b% . b
i [a+ [1-3 c51nh[x+Ar‘cTanh[cH]

3 3

3

1
34 ab? AppellF1| -,
2

N |
N |

N W

Ji[a+ 1- Y cSinh[x+Ar‘cTanh[%H

c2

- ] Sech[x+Ar‘cTanh[EH
C

o |6 e ‘ic\/;Sinh[XJrAr‘cTanh[EH
\/—1+i$inh[x+Ar‘cTanh[—H
c
Jia+c\/?

Sinh[x + ArcTanh| H ]

-b2:c? i -b2:c?
c? c?

-b2+c? . b
a+c Sinh[x + ArcTanh| =] | /

. . c? c
_ia+c —b+c?
c2

2
15 1fbf2 c(azb2+c2)3\/j[1'1+Sinh[x+Ar'cTanh[bH) -
c c
i (a+ [1-2 cSinh[x+Ar‘cTanh[9H]
C C

) )

34 a c AppellF1]

) )

N |
N R
N R
.
N W

CZ

1 [a+ 1- Y cSinh[x+Ar‘cTanh[%H

- ] Sech[x+Ar‘cTanh[EH
C
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-1+1 Sinh[x+Ar‘cTanh[fH

¢ . -b%+c?
ia+c | 2=
CZ
p2. 2 ) ph2. .2 .
c | 2= ¢ uSlnh[XJrAr‘cTanh[QH
c c ¢ -b? + c?

\/ b C ’bzifz -1ic /’bzi:cz Sinh[x+Ar‘cTanh[%H

Sinh [x + ArcTanh [ E} ]

a+c ;
c c
—ia+c | B2
CZ
b2 b
15 [1-— (azb2+c2)3\/1'1(j+5inh[x+Ar‘cTanh[—H) -
c c
a+b 1—iCosh[x+Ar‘cTanh[9H
- 1 1 1 1 b b
23ab cAppellFl[f*, R R )
2 2 2 2
b [1-S |1+ —2
b2 ;
b [1-S
bZ

a+b ll—;% Cosh[x+Ar‘cTanh[§H

. c c?
}Slnh[x+Ar‘cTanh[EH / b [1-—

b2
c? a
b s -1+
b 15
b [ 2= —b [ 2=S cosh[x+ArcTanh[<]]
b b b b2 - ¢c2 C
a+b 2 Cosh|[x +ArcTanh[ =]
a+b | 2< ° °
bZ
b2_c2 b2_c2
b [ *5= +b [ %55 Cosh[x+ArcTanh|£]]
\ -a+b be;CZ




3b*

2b [a+b | 1—2—2 Cosh[x+Ar‘cTanh[;—H
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. c Sinh {x+Ar‘cTanh[H w

b?-c? =
b 17b72

1 1
cAppellFl[-—, - =, -
2 2

/(15c (az—b2+c2)3) -

\/a+b [1- ;% Cosh[x+Ar‘cTanh{ﬁH

2
. a+b /1—;7 Cosh[x+Ar‘cTanh[ﬁH

) ) J

2

N |

a+b ll—ﬁ—i Cosh[x+Ar‘cTanh[§H

. c c?
| sinh[x +ArcTanh| ] | / b [1-—

2b [a+b | 1—% Cosh[x+Ar‘cTanh{:—H

b b2
b ;% -1+ 2
b 175
b [P _p [0 Cosh[x+Ar‘cTanh[5H
b? b? b b2 _ 2 c
a+b | — Cosh[x+Ar‘cTanh[fH
b2 b
a+b pc®
bZ
b | p [ Cosh|x +ArcTanh| <] |
b? b? b
-a+b L;Z

. c Sinh {x+Ar‘cTanh[H w

b%-c? -
b lfbfZ

/(SC (az—b2+c2)3) +

\/a+b 1- < Cosh[x+ArcTanh|<]]
\ " b b
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a+b |1-< Cosh[x+ArcTanh[<]]
1 1 b b

1 1
23a%c | |cAppellFl[-—, - =, - =, =,
15 (az—b2+c2)3 2 2 2 2

a+b ll—;% Cosh[x+Ar‘cTanh[§H

} Sinh [x + ArcTanh [ E] ]

b2_c2 b2_c2
b\/b—zc —be—f Cosh|[x +ArcTanh|[ *] |

b27c2
bZ

a+b

)

b2 - c?

b\/bzb-_zcZ +|:)\/b2b‘—2c2 Cosh|[x +ArcTanh[ €] ]

= Cosh[x+Ar‘cTanh[§H

2b [a+b | 1—;—2 Cosh[x+Ar‘cTanh“—H c Sinh[x+Ar‘cTanh[ H

<
— + b

b?-c? N
b [1-Z
b? 1

-a+b

a+b [1- ;% Cosh[x+Ar‘cTanh[ﬁH

1

5 (az—b2+c2)3

a+b ll—;% Cosh[x+Ar‘cTanh[§H

)

, 101 1
6b%c | |cAppellFl[- =, - =, - =, =
2 2 2 2

b?-¢?

b2
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a+b ll—;% Cosh[x+Ar‘cTanh[§H

} Sinh [x +ArcTanh [ E] ] /

bJ% —b\/% Cosh|x +ArcTanh| <] |
c2 b b b

b [1- —
b b2_c2
a+b o
b\/u +bJu Cosh[x +ArcTanh| €| |
bZ*CZ C b b? °
atb | ——— Cosh|[x +ArcTanh|[ =] |
b b _a+b [ 222
b2
2b [a+bECosh[x+Ar‘cTanh{§H c sinh[x+Ar‘CTa”h{5H
- b2_c2 * h
s (a2 -b%+c2)?
a+bECosh[x+Ar‘cTanh{§H
a+b\/:Cosh[x+Ar‘cTanh[£H
, 1 1 1 1 ® °
3¢ | |cAppellFl[-—, - =, - =, =, ’
2 2 2 2

a+b [1-< Cosh[x+ArcTanh[<]]
AT b b

| sinh[x +Ar‘cTanh[£H /

b
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b2_c2 b2_c2
2 be—f —b\/b—f Cosh[x +ArcTanh [ *] |

b%-¢?

a+b o

b2_c2 b2_c2
b\/b—zc +b\/b—2c Cosh[x + ArcTanh[ =] ]

b?-¢?
b2

b2 - c? c
a+b | ——— Cosh[x+ArcTanh|—]]
b? b

-a+b

2b [a+b /1—;—2 Cosh[x+Ar‘cTanh[;—H

B . c Sinh [x+Ar‘cTanh“—] w

b2-c?
b /17;;
\/a+b [1- ;% Cosh[x+Ar‘cTanh[ﬁ]]

Problem 768: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

5/2
J(xlbz—cz +b Cosh[x] +cSinh[x]) dx

Optimal (type 3, 140leaves, 3 steps):
64 (b? - c?) (cCosh[x] +bSinh[x])

15 \/\/ b2 -c2 +bCosh[x] +cSinh[x]
16
—/b?>-c* (cCosh[x] +bSinh[x]) J«/bzcz +bCosh[x] +cSinh[x] +

+

15

2 3/2
— (cCosh[x] +bSinh[x]) (x/bzfc2 +b Cosh[x] +cSinh[x]

5

Result (type 4, 10223 leaves):

4b~b2-c* 4 4
\/b?-c? | —— + —cCosh[x] + —bSinh[x] \/x/bzcz +bCosh[x] +cSinh[x] +
3c 3 3

44 b (b? - c?
M40 (o) 2 b coshix) +

15c 15

Jﬂbz—cz +bCosh[x] +cSinh[x]

2 2 1
~bcCosh[2x] + —b+/b?-c? Sinh[x] + = (b?+c?) Sinh[2X]
5 15 5

+
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J(le etz et e oo )/

2 2

[(—b2+c2) [—1+Tanh[§}2]\/( 2cTanh[ =] +4/b [ 1+Tanh| 2 ]—
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(b+c—m) (1+Tanh[§]) c h[x}
- +Tanh| —| | +
(—b+c+\/b2—c2)(—1+Tanh[§]) ( -b++b2-c? 2 J

[1+Tanh[§]] [—_b+;_c2+Tanh[z}J2 /[\/((—1+Tanh[§}2]

[—b— (b-c) (b+c) —2cTanh[£} (—b+ (b-c) (b+c) )Tanh[i]z))] /

2 2

[(bc) (b+c) (71+Tanh[§]2)J(fbf (b-c) (b+c) 72cTanh[§} -

bTanh[z]zJr (b-c) (b+c) Tanh[z]2

\/[ZcTanh[)z(] +1/b% - c? (71+Tanh[§]2) -b (1+Tanh[x]2)]J

Problem 771: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
\/\/ b2 - ¢? +bCosh[x] +cSinh[x]
Optimal (type 3, 99 leaves, 3 steps):

2 2\1/4 ¢ . o
\/? ArcTan [ (b?-c?)¥* sinh[x+i ArcTan[b,-i c]] ]
ﬁJ\/bz{z +1/b2-c2 Cosh[x+i ArcTan[b,-ic]]

(bz _ C2> 1/4

dx

Result (type 4, 211 leaves):
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A/ b?-c? —bCosh[x]-c Sinh[x]
b27c2

- | |V2 EllipticF[ArcSin]| |, 1]

V2

(bz—c2+bxlb2—c2 Cosh[x] +c+/b%-c? Sinh[x]

\/ -b2+c?2+bA/b?-c? Cosh[x] +cb%-c? Sinh[x] /

b2 - 2

[ b%>-c* (cCosh[x] +bSinh[x]) \/x/bz—cz +bCosh[x] +cSinh[x]

Problem 772: Attempted integration timed out after 120 seconds.

1

J(\/bz +bCosh| ]+cSinh[x})3/2

dx

Optimal (type 3, 155leaves, 4 steps):

2 2\1/4 ¢ . s
Ar‘cTan[ (b?-c?)** sinh[x+i ArcTan[b,-i c] ] }

N2 J\/ b2-c? ++/b%-c? Cosh[x+i ArcTan[b,-ic]] c Cosh[x] +b Sinh[x]

+
Z\E(bzfcz)z'/4 2+/b? - 2 (\/bz—c2 +bCosh[x] + cSinh[x] 32

Result (type 1, 1leaves):

2?7

Problem 773: Attempted integration timed out after 120 seconds.

1

J(vbzcz b Cosh[ ]JrcSinh[x})S/2

dx

Optimal (type 3, 205leaves, 5steps):
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(bzfcz)l/4 Sinh[x+i ArcTan[b,-ic]] }
2 J\/ b2-c? ++/ b%-c? Cosh[x+iArcTan[b,-ic]]
162 (b2 -c2)>*

c Cosh[x] + b Sinh[x]

3ArcTan|

.
42 -2 (\/bz—cz + b Cosh[x] +cSinh[x])5/2

3 (cCosh[x] +bSinh[x])
16 (b2 - c2) (\/bz—c2 +b Cosh[x] +cSinh[x])

3/2

Result (type 1, 1leaves):

???

Problem 774: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(—xl b2 - c? +bCosh[x] +cSinh[x]

Optimal (type 3, 146 leaves, 3 steps):
64 (b? - c?) (cCosh[x] +bSinh[x])

15 \/—\/ b2 - c? +bCosh[x] +cSinh[x]

5/2
dx

16

—/b?-c* (cCosh[x] +bSinh[x]) \/«/bzcz +bCosh[x] +cSinh[x] +

15
3/2

2 (cCosh[x] +bSinh[x]) (—xlbz—cz +bCosh[x] +cSinh[x]
5

Result (type 4, 9943 leaves):

\/bziz 4b+/b%2-c2 4
- C _—

4
- —cCosh[x] - —bSinh[x]
3
\/—xlbz—cz +bCosh[x] +c Sinh[x]

J«/bzcz +bCosh[x] +cSinh[x] +

44 b (b? - c? 2 2
#——cﬂbz—cz Cosh[x] + —bcCosh[2x] -
15c¢ 15 5

3c 3

2 1
—b+/b>-c? Sinh[x] + = (b?+c®) Sinh[2X]

15 5

+|256bc (—b+c) (b+c) 7/ b? - c?

(b+c+\/b2—c2) (1+Tanh[5])
(-b?+c?) |EllipticF[ArcSin]| |- 2 ], 1] -

(b7c+m) (—1+Tanh[ ”

X
2
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(b+c+\/b2—c2) (1+Tanh{§”
2 EllipticPi[-1, ArcSin[ | - 2 |, 1]

(b—c+\/m) (—1+Tanh[§])

\/— (b-c) (b+c) +bCosh[x] +cSinh[x] [—1+Tanh[§})
2

2

(b+c+\/b2—c2) (1+Tanh[§])
[_ (b7c+m) (71+Tanh[§]

)] (c+(b+m)Tanh[§]] (—1+Tanh[§}2] /

3
5 (b+C+\/b2—C2] (—b2+c2+bxlb2—c2) (1+Cosh[x])

- b - b+ + b Cosh Sinh
J BT Brel bcomtx esionta) ()
2

(1+Cosh[x] )2

2

J(—(—1+Tanh[§}2] (ZcTanh[i]M/bz—c2 (—1+Tanh[§}z)+b(1+Tanh[§]2)]) -

15 ¢ 1+COSh \/ -4/ (b-c) (b+c) +bCosh[x]+cSinh[x]

(1+Cosh[x])?

64 (b—c)2 (b+c)2J—1/ (b-c) (b+c) +bCosh[x] +cSinh[x]

[(b—cTanh[g}) \/(b—w/bz—cz +2cTanh[§] erTanh{i]2+x/b2—c2 Tanh[i}z)

2 2

\/[—[—1+Tanh[§}2] (2cTanh[§]+ b2 - c? (—1+Tanh[§}2)+b[1+Tanh[§]2J))]/
[(b2+c2) [ 1+Tanh| )2( 2]

\/[ZcTanh +4/ b% - c? [1+Tanh A ]+b(1+Tanh[§}zJ)]—
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\/((1+Tanh[i]2) (bfxlbzfcz +2cTanh[£} +bTanh[i]2+x/b27c2 Tanh[i]z)J

2 2 2 2

J[[lqanhm (2eTann[ ] afor e (-2 Tann[ )] < (12 Tann [ ]7) ]

2 2 2 2

2¢2 {_1+;]
b++vVb?-c?

(b+c+\/b2—c2) (1+Tanh[1])
~EllipticF[ArcSin| |- 2—— ], 1] + 2E1lipticPi|
(b—c+\/b2—c2) (—1+Tanh{ﬂ)

]-_l”\/ﬁj ArCSin[\l ((b+c+\/b2_c2) (1+Tanh[§]) ]_‘ 1]

T o-co (o | [aeTam 1))
) | (e VOTET) 3 eTann[3])
[71+Tanh[f} _ )
2 (b*“\/ﬁ) (71+Tanh[§”

[7c +Tanh[X}J]/ 1. — < ][1+—c J
N 2 b VBT ) | by

\/([1+Tanh[)2(}2) (b—\/ﬁJchTanh[g] + [b+\/ﬁ) Tanh[z}z])] +

(b+c+xlb2cz)EllipticF[Ar‘cSin[\I (b+c+ bz—cz) (1+Tanh[§]) 1,

(b—c+\/b2—c2) (—1+Tanh{ﬂ)

8b3

(b+cm)(1 c ]

1] -2 cEllipticPi|

[b-c Vo <) [_1_ : ]

Ar‘cSin[ - <b+C+W) <1+Tanh[ﬂ) }:1} [71+Tanh[i})
(b7c+\/ﬁ) (—1+Tanh[§” 2
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(b+c+\/b2—c2) (1+Tanh[§” c X
i (b—c+\/m) (—1+Tanh[§]) [b+m+ . [2]] /

C C

[(bc | [boen o |

-b-+/b%-c? b+\/b2c2]
- +

b++vb?-c?

\/([1+Tanh[)2(}2) (b—xlbz—c2 +2cTanh[§] + [b+\/ﬁ) Tanh[g}2

]

(b+c+x/b2cz)EllipticF[Ar‘cSin[\I (b+c+ bz_cz) (1+Tanh[§]) ],

(b—c+m) (—1+Tanh{ﬂ)

4b°

(b+cm)(1 : ]

1] -2 cEllipticPi|

[b-c Vo <) [_1_ : ]

2

[J Lo e bl

b7c+m) (71+Tanh[§” }:1}] [—1+Tanh[*})

_ [brceb2-c?) (14 Tanh[F]) [ . +Tanh[]J /
(b—c+m) (—1+Tanh[§]) b+\w 2

o e o) [ocifor ) [beWJ

C C
C
b++Vb2-c?

\/([—1+Tanh[§}2) (b—x/bz—c2 +2cTanh[§] + [b+\/ﬁ) Tanh[g}2

-

(—b+c+\/ﬁ] EllipticF[Ar‘cSin[\I (b+C+ bz—cz) (1+Tanh[ﬂ) ]J

(b7c+\/b2—c2) (71+Tanh[ ”

X
2

4bc?
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(b+c—m) (1— < ]

1] -2 cEllipticPi|

(b—c—m) (—1— < J’

[ (b+c+\/b2—c2)(1+Tanh[ﬂ)
ArcSin -
(b—c+m) (—1+Tanh[§}

2

) },1}] -1+ Tann[ ]|

(b+c+m) (1+Tanh[§” c X
i (b—c+\/m) (—1+Tanh[§]) [bJr\/W+ . [2]] /

[(bcm) [boeifbc)
[1+%] J((—1+Tanh[§}z)

(b—\/ﬁ+2cTanh[§] + (b+\/ﬁ) Tanh[g]zj]

“b-b2-c2 -b+/b2-¢2 ]
- +

C C

4b (b2 - c?)

(b+c+\/b27c2) (1+Tanh[ })

x
(—b+ c++/b?-c? ] EllipticF[Ar‘cSin[J - 2

(b—c+m) (—1+Tanh[§”

1] -2 cEllipticPi|

2

[J Lo e bl

b7c+\/ﬁ) (71+Tanh[§” }: 1}] (71+Tanh[7})

N T N E
(b—c+W)(—1+Tanh[§]) b++Vb2-c2 2

[(b_c- ot | [-bocoforct)

-b-+vb?-c? -b+Vb?-c? ]
- +

C C
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[1+ﬁ] J((—lwanh[gﬁ

(b—\/ﬁ+2cTanh[§] + (b+\/ﬁ) Tanh[i]z)]

2

+

4% (b? - c2)

2_ 2 s s . (b+C+m) (1+Tanh[§})
(7b +Jf] EllipticF [ArcS [J(bc+m) (_1+Tanh[§” i

[brc-B2-cF) (1_ c ]

1] -2 cEllipticPi| ot
(b—c—\/bz—cz)(—l— < ]
oo

—1+Tanh[§})

' (b+c+\/b2—c2)(1+Tanh[§})
ArcSin| | - |, 1] [
(b7c+m) (—1+Tanh[§”

(b+c+m) (1+Tanh{§” c X
_ (b-c+m) (_1+Tanh[§]) [b+m+ " [2]] /

e e

[o-coifor-e) [beWJ

C C

C
b++vb?-c?

\/([1+Tanh[§}z) (bf\/ﬁJchTanh[E] + [b+\/ﬁ) Tanh[g}z

)

(b+c+m) (1+Tanh[§])
(b—c+m) (—1+Tanh{ })

X
2

8b3

(—b+ c-+/b?-c? ) EllipticF[Ar‘cSin[\I - !5

(b+c+\/ﬁ)(1 c ]

1) -2 cEllipticPi|

[b-cob2 e (1 ‘ ]
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Ar‘cSin[\I ) (E)b — W) <1+Tanh[ﬂ)

7C+W) (—1+Tanh[§” }:1}] [—1+Tanh{*})

) (b+c+\/b2,c2) (1+Tanh[§” c +Tanh[§] / .
(b—c+m) (71+Tanh[§]) [b+m 2 J [(

—b—m_—b+m][l+ c J

Joioct | fo-caifor et -
e ) o v o |

2

—

C C

| e freramn ]
(—b+ F) ELlipticF [Arcsi [J(bum) (~1+Tanh[%]) .

4b°

(b+cvor—c| [1_

1] -2 cEllipticPi]

(b-c+bT-c? ) (-1—

7C+W) (1+Tanh[2)2‘” }:1}] [—1+Tanh[*})

AFCSin[J (E)b+c+\/m) (1 Tanh %]

J (b+c+\/ —cz)(1+Tanh[ ”

orer ) (2ol [w;*cz”a"”?w/[* e

C C

W) (b_mm) _b_m__mm] [1+b+\/|:():2—7c2]

\/([—1+Tanh{x}2) [b—\/ﬁ+2cTanh[i] + [b+\/ﬁ) Tanh[z}z])] _

2 2

(b+cx/bzcz]EllipticF[Ar‘cSin[\I (b+c+ bz*CZ) (lqanhm) ],

(b—c+\w> (71+Tanh[ ”

X
2

4b c?
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(b+c+v5f?27)(1_ c ]

1] -2 cEllipticPi|

(b_um) (-1- c ]’

b-c+Vb2-c2 (1+Tanh[§}

Arcsin \I [pre-ibt-e (1+Tanhb”) }:1}] [—1+Tanh{§”

(b+c+m) (1+Tanh[§” c X
i (b—c+\/m) (—1+Tanh[§]) [bJr\/W+ . [2]] /

(7b7c7 bzfcz] (b—c+x/ﬁ) [bWtHWJ
[1+ﬁ]¢((—l+hnh[§r)

(b—\/ﬁ+2cTanh[§] + (b+\/ﬁ) Tanh[g]zj]

+[8bzm

(b+c+m) (1+Tanh[§})
(b—c+m) (—1+Tanh[§”

(—b+ c-+/b%-c? ] EllipticF[Ar‘cSin[J -

[b+cvbi-c7 [1_ ‘ ]

1] -2 cEllipticPi| b -,
b-cVbI 2 (_1_ c ]
(o | W

ArcSln\I b+C+ Vet Cz (1+Ta“h{ﬂ) }:ﬂ]{lJrTanh[;(})

b-c++vb?- c2 (1+Tanh[§”
c

i (b+c+m) (1+Tanh{§” [ +Tanh[x]] /
(b—c+\/ﬁ)( 1+Tanh[§]) b++Vb2-c2 2
b

(—b—c—wr—c](b—c+wﬁg—c2][—b—vszzf__—b+Vth?7J

C C
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[1+ﬁ] J((—lwanh[gﬁ

(b—\/ﬁ+2cTanh[§] + (b+\/ﬁ) Tanh[i]z)]

2

[swﬁ

R N et e et
(7b+ F] EllipticF[Arcsi [J(bc+m) -1+ Tann[%]) -

(b+ceor—c| [1_ c ]

1] -2 cEllipticPi| bt -,
(b—c+\/b2—c2)(—1— < ]
b++/ b2-c?

—1+Tanh[§})

' (b+c+\/b2—c2)(1+Tanh[§})
ArcSin| | - |, 1] [
(b7c+m) (—1+Tanh[§”

(b+c+m) (1+Tanh{§” c X
_ (b-c+m) (_1+Tanh[§]) [b+m+ " [2]] /

[cz[_b_c- o | [b-coferot)

[1+m] J((—1+Tanh[z}2]

(b

“b-/b2-c2 -b+Vb2-¢2 ]

C C

+|4b (bz—cz)

\/ﬁ+2cTanh{§] + (b+\/ﬁ) Tanh[g]z)]

(b+c+\/b2—c2) (1+Tanh[§”
b—c+m) (—1+Tanh[§”

(—b+ c—\/ﬁj EllipticF[Ar‘cSin[J - ( ]

(bmm)(l : ]

1] -2 cEllipticPi|

oocovEe) [ — ]
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[ (b+c+\/b2—c2)(1+Tanh[ﬂ)
ArcSin -
(b—c+\/ﬁ) (—1+Tanh[§}

2

) s 1}] -1+ Tamn[ 7]

(b+c+m) (1+Tanh[§” c
7(bfc+m) (—1+Tanh[§]) [

o )

(b—\/bz—c2 +2cTanh[§] + (b+\/ﬁ) Tanh[i]z)]

(—b+C—\/ﬁ] EllipticF[Ar‘cSin[J [+ /or-ct) (aranh[3]) 1

(b—c+\/b2—c2) (71+Tanh[§”

(b+c+w@2c2)(1

1] -2 cEllipticPi]

(b—c+m) (1

_ (b+C+W) <1+Tanh[§”
ArcSin| | - ], 1] [
(b—c+\/b2—c2) (—1+Tanh[§”

b WEE BTl (e ]|
(b—c+W)(—1+Tanh[§]) b++Vb2-c2 2

R

[ \ 2(2]
b+ b
}

\/([—1+Tanh[

N | X

) [b—x/bz—c2 +2cTanh[§] + [b+\/ﬁ) Tanh[x}z])] _
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Cz_ J (1+Tanh[§])

] E1lipticF [ArcSin| [1 W
-

J;ﬁ] (-1+Tanh[*])

oo
{ 1+ Tanh| \I chiﬁ) (22 Tenh (5] [ c

] (—1+Tanh[§]) b*m+ 2 ]J/

203 -1+

> 1]

O'

[c [-1-b \/:ic] [1- %]J([-unnh[z]z)
( ~Jo2-c? v 2cTanh] (b ﬁ)Tanh[f]j]%

_1-

c
2bc [—1 + ] EllipticF [ArcSin|
b+ V b2 - C2 1-

b
[[ beb-c? ) | bibEoc?

J

2

b -/ b% - c? +2cTanh[i] + (b+w/b2—c2)Tanh[§]2)]J - {szw/bzcz

b+ /b cZ

[-1+ < ] EllipticF[Ar‘cSin[\I [_1_ bJ;ﬁ] (1”3““[?” |, 1]
1 <
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) (1b+J;T) (1+Tanh[§]) . )
[-1+Tanh[;}) {1_ ch](_l”anh[:]) [b+mnanh[;]]/

17b+ :ZCZJJ((lnanh[f]z) [bf b2-c? +

W) (1+Tanh[ ])

X
2
> 1]

-2 ) (—1+Tanh[§])

EllipticE [ArcSin [\I -

b+c+/b?
b-c++/b?

b+c+m) (1+Tanh[ﬂ)
b-c+bZ-c? | (~1+Tanh[%]

X
2

[c EllipticF [Ar‘cSin [\I - ((

1_ C
[(b+«/b2c2] (1 < J] 2 cEllipticpi —
1.
b++/ b%-c?

b ++/b% - c?
b
2

Arcsin] | - o e /o= er) [renn 3)) ]> 1] /
(b—c+m) (—1+Tanh[§])

(—1+Tanh[§})

=) [ o)

b++Vb?-c?

(b+c+m) (1+Tanh[§]) c o X
_(b—c+m) (—1+Tanh[§]) [b+m+ . [2}J+

1 Tamn[ X)) (b\/;icz +Tanh[)2(]]2 ]/

[J[(—LrTanh[g]z) (b—\/ﬁJrZCTanh[z} + (b+\/ﬁ] Tanh[i]z)” +
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b c+\/b2—c2> (1 Tanh[—”
c EllipticF[ArcSin| |- ] 1}/
(b c+\/b2—c2) ( 1 Tanh[—”
1- c
[(b+w/b2—c2] - 2 c EllipticPi| - ”chi“ ,
) 7b+m

C
b++Vb?-c?
b2

APCSin[ i (b+c+\/ﬁ) (1+Tanh[§])
(b—c+m) (—1+Tanh[§])

(—1+Tanh[£})

N

b2 ==

7 (b+c+\/b2,c2) (1+Tanh[§]) ( c +Tanh[x}]+
(b—c+m) (—1+Tanh[§]) b+\/ﬁ 2

2

]/

[1+Tanh[§]) (me/;_icz +Tanh[§]

M(Manh[;r) oo v2cTam [ %]« [o- /ot < | Tanh[xr))]H/

[(b—c) (b+c) [—1+Tanh[x]2)\/(b—\/ﬁ+2cTanh[z] +

2

bTanh[i]zJﬂ/bz—c2 Tanh[i}zj
2 2
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2 2

J[ZcTanh[i] +/ b% - c? [—1+Tanh[§}2] +b (1+Tanh[§}2))]

Problem 775: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

3/2
J(,\,bZ,CZ +bCosh[x] +c Sinh[x] dx

Optimal (type 3, 96 leaves, 2 steps):
8 Vb2 -c? (cCosh[x] +bSinh[x])

3\/—\/b2—c2 +bCosh[x] + cSinh[x]
2 (cCosh[x] +bSinh[x]) \/—wbz—cz +bCosh[x] +cSinh[x]
3

Result (type 4, 9861 leaves):

+

2b+/b2 - c2 \/—\/bz—c2 +b Cosh[x] + ¢ Sinh[x]

C

Zb\/bz—c2 2
+ —cCosh[x }+fb51nh ]\/ \/b%?-c? +bCosh[x] +cSinh[x] -

+

3c 3

(b+c+\/b2—c2) (1+Tanh[§”
(b—c+\/ﬁ) (—1+Tanh[§])

32bc (-b+c) (b+c) (-b?+c?) |EllipticF[ArcSin]

15

(b+c+m) (1+Tanh[§])
[b-cenBTocr) (-1 Tann[*])

1] - 2 EllipticPi[-1, ArcSin] |, 1]

X
J (b-c) (b+c) +bCosh[x] +cSinh[x] (71+Tanh[—})
2

(b+c+ bzfcz) (1+Tanh[§])
2

foer e (—1+Tanh[§])] o [poofir-e | rann 1] -2 )/

3
3 (b+c+«/b27c2) [7b2+c2+bx/b27c2] (1+Cosh[x])
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\I (b-c) (b+c) +bCosh[x] +cSinh[x]
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Problem 776: Result unnecessarily involves higher level functions and more
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o= NS Rl BE

b+c+\/b2—c2) (1+Tanh[ })

(—b+ c-+/b%-c? ] EllipticF[Ar‘cSin[J - ( 2 P

(b—c+\/b2—c2) (—1+Tanh[§”

1| -2 cEllipticPi|

Ar‘cSin[\I - <b+c +m) (1+Tanh[ﬂ)
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J brcevb?-c?) (1+Tanh[*]) [ i
b-c-

b2
) b \/bz—cz) (—1+Tanh[§])

2cTanh[§} + (b+ (b-c) (b+c) )Tanh[i]z)]

(—b+ c-+/b%-c? ] EllipticF[Ar‘cSin[J -

1] -2 cEllipticPi|

N}
N
_|
o
S
=

I

—
o
+
o

[
n
o
+
n
_|
o
=]
=

I
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(b+c+\/b2—c2) (1+Tanh[ﬂ)
(b—c+\/m) (—1+Tanh[§”

(—b-%—C—\/bZ—CZ ] EllipticF[Ar‘cSin[J - |,

[brcsVbE-c| (1 : ]

1] -2 cEllipticPi|

[b-co Vo) [_1_ : ]

Ar‘cSin[ - (b+C+ b27cz)<1+Tanh[ﬂ) },1} [—1+Tanh[i})
(b—c+\/ﬁ) (—1+Tanh[§” 2

b WEE pTmll) (e )|
(b—c+m) (—1+Tanh[§]) b+m 2

(—b—c—\/ﬁ] (b—c+\/ﬁJ [_b‘m_—b+mJ

C C

{hm;czw((lqanh[;r) [o-o-c) ore] -

2cTanh[£}+(b+ (b-c) (b+c) - |4b% (b® - c?)

2

Tanh[i]zJ]

2

(b+cx/bzcszllipticF[Ar‘cSin[J (b+c+ bz*CZ) (1+Tanhm) s

(b7C+W> (71+Tanh[§”

S Cara (1_ c ]

1] -2 cEllipticPi]| bir/b2-c? )
(b- c+m) (_1_ . J
bir/b?-c?

2

[J Lo ) o)

b—c+\/m) (—1+Tanh[§” }, 1}] [_1+Tanh{_})
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2b3 [-1+
b+vb2-c?
[1+Tanh[z})l E

b+/b?%-c?

] EllipticF[Ar‘cSin[J AL |, 1]
1 _ C

- bJ:zT) 1+ Tanh[%])

](—1+Tanh[’2‘]) [b+m 2 ]J/

-1
1-

C
b++/ b2-c?

1- b+\/:27c2) x/[(—lJrTanh[g]zJ

(bf (b-c) (b+c) +2cTanh[§}+(b+ (b-c) (b c))Ta h[z]m
“1- J (1+Tanh[§])
2b [ 1 ]EllipticF[ArcSin[ |, 1]
b+Vvb®-c 1 : :27 ](—1+Tanh[’2‘])
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2cTanh[§} R (b+ (b-c) (b+c)

2

Tanh[xrjj][wm

1- b+\/:27c2) x/[(*lJrTanh[g]Z)

(bf (b-c) (brc) +chanh[§}+(b+ (b-c) (brc)

~

Tanh[g]z)] +

] EllipticE [ArcSin|

Z 1=
2[ b++/b2-c2

[c E111pt1cF Ar‘c51n \I

+b CZ) -1+ Tanh[ ]
1- c
[(b+x/b2c2] (1 Vi)] 2 cEllipticPi| . bec—‘ ,
ban/b2-c?

Arcsin| (b+C+\/W) (1+Tanh[§])
(b um) (—1+Tanh[§])




Mathematica 11.3 Integration Test Results for 6.7.1 Hyperbolic functions.nb | 159

Ao B powll] e )
(b—c+m) (—1+Tanh[§]) b+b?-c?
[1+Tanh[§]] (b+ :2_c2 +Tanh[)2(]]2 ]/(\/((1+Tanh[z} J

[b— (b-c) (b+c) +2cTanh[§]+(b+ (b-c) (b+c) )Tanh[z}zj))+

2
P-c? - - ‘ iptic rcSin
c\/f [2[1 b+m]ﬂl pt E[A S [
(b c+m) (1 Tanh[—}) L
, 1
(b C+\W) ( 1 Tanh[;”
c EllipticF[Arcsin| | - brc+VbT-c?) (14 Tann[F]) |/
b-cbT-ct) -1+ Tanh[1])
1-_ c
2 2| | 1. c e ElLinticpt W
[(b \/b7] 1 b+WJJ 2 c EllipticP [—1‘b+J;7J

> 1]

S { (b+c+m) (1+Tanh[§])
fb-coBr o | (~1eTanh[X])

[(b+\/ﬁ] -1- (—1+Tanh[§})

ol
b++Vb2-c2

(b+c+\/b27C2) (1+Tanh[§]) ¢
7(b—c+m) (—1+Tanh[§]) (

+Tanh[5}J+

b+/b?-c? 2

[1+Tanh[§]] (b+\/:2_7c2 +Tanh[§]]2 ]/(\/((1+Tanh[z} J
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[b— (b-c) (b+c) +2cTanh[§]+(b+ (b-c) (b+c) )Tanh[i}z))) /

2 2

2

[(bc) (b+c) [—1+Tanh[i]2)x/(bf (b-c) (b+c) +2cTanh[§]+
bTanh[§]2+ (b-c) (b+c) Tanh[g]z)

\/[ZcTanh[g] +4/ b2 - c? [71+Tanh[§}2) +b (1+Tanh[£}2))]

2

Problem 777: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
\/—\/ b2 - c? +bCosh[x] +cSinh[x]
Optimal (type 3, 102 leaves, 3 steps):

2 2\1/4 ¢ i ArcT b._i
\/?Ar‘cTanh[ (b2-c?)* sinh[x+i ArcTan[b,-i c]] }
N2 J -1/ b%2-c? 44/ b%-c? Cosh[x+i ArcTan[b,-ic]]

CZ
<b2 _ CZ) 1/4

dx

Result (type 4, 52609 leaves): Display of huge result suppressed!

Problem 778: Attempted integration timed out after 120 seconds.

1

J\(—\/bz—c2 +b Cosh[x] +cSinh[x])3/2

dx

Optimal (type 3, 159 leaves, 4 steps):

(b?-c?)¥* sinh [x+i ArcTan[b,-i c]] ]
ﬁ\/—xl b2-c? ++/ b%-c? Cosh[x+i ArcTan[b,-ic]]
2+/2 (b?-c2)?*

c Cosh[x] +bSinh[x]

ArcTanh [

2/b% - 2 (—\/bz—c2 +bCosh[x] +cSinh[x] )"

Result (type 1, 1leaves):
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Problem 779: Attempted integration timed out after 120 seconds.

1

J(—\/bz—cz +b Cosh[x] +cSinh[x])5/2

dx

Optimal (type 3, 211 leaves, 5steps):
3Ar‘cTanh[ (bz—c2)1/4Sinh[x+1’1Ar‘cTan[b,—ﬁ cl] ]

2 J—xl b2-c? ++/b?-c? Cosh[x+iArcTan[b,-ic]]
167 (b2 2]

c Cosh[x] +bSinh[x]

+

4+/b2 -2 (—\/bz—c2 +b Cosh[x] +cSinh[x})5/2
3 (cCosh[x] +bsSinh[x])

16 (b2 - c2) (—\/ b2-c2 +bCosh[x] +cSinh[x1)3/2

Result (type 1, 1leaves):

2P

Problem 846: Result unnecessarily involves imaginary or complex numbers.

x2 Csch[x] Sech[x]

\/aSech[x]*

Optimal (type 4, 98 leaves, 6 steps):

dx

x3 Sech[x]2 x? Log[1 - e**]| Sech[x]?2
+

+

3+/aSech[x]* aSech[x]*

x Polylog[2, e2¥] Sech[x]? Polylog|3, e2*] Sech[x]?

aSech[x]? 2+/aSech[x]*

Result (type 4, 65 leaves):
1

24 ~/aSech[x]*
(i7°-8x>+24x%Log[1-e**| +24xPolylog|2, e**| - 12 Polylog|3, e**]) Sech[x]?

Problem 852: Result unnecessarily involves imaginary or complex numbers.

JXZCsch[x] Sech[x] v/aSech[x]* dx
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Optimal (type 4, 204 leaves, 16 steps):

= x?Cosh[x]?+/aSech[x]* -2x?ArcTanh|[e?*| Cosh[x]?+/aSech[x]* +
2

Cosh[x]?Log[Cosh[x]] +/aSech[x]* - xCosh[x]?PolyLog[2, -e?*]

aSech[x]* +
x Cosh[x]?PolyLog|2, e**]

1
aSech[x]* + = Cosh[x]2PolyLog[3, -e®*] +/aSech[x]* -
2

1
~ Cosh[x]?Polylog|3, e**|

aSech[x]* -
2

. 1 .
x Cosh[x] v/ aSech[x]* Sinh[x] - = x?®+/aSech[x]% Sinh[x]2

2
Result (type 4, 120leaves):

1
— Cosh[x]?+/aSech[x]* (i7®-16x>-24x*Log[l+e ?*] +
24
24 x? Log[1 - e**| + 24 Log[Cosh[x]] + 24 x PolyLog |2, -e2*] + 24 x Polylog[2, e**| +

12 Polylog[3, -e2*] - 12 Polylog|[3, e**| + 12 x? Sech[x]? - 24 x Tanh [x]

Problem 869: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

X
J dx
a+bCosh[x] Sinh[x]

Optimal (type 4, 186 leaves, 9 steps):

x Log[1+ L} x Log[1+ S

2a-+/4a%*+b? 2a+/4a%+b?
- +
V4 a?+b? V4 a? + b?
Polylog|2, - B Polylog|2, - B
[ ’ 2a-+/4a%+b? } [ ’ 2 a++/ 4 a?+b?
2+/4a%+b? 2+/4a2+b?

Result (type 4, 960 leaves):
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. .
i 7 ArcTanh [ -2:2atanhixl ]

1 _ A/ 4 a%+b? B
2 Nrea
1 2ia 2a+ib) Cot[ > (m+4ix)]|
—————— |2ArcCos |- ——] ArcTanh]| 4 |+
V-4a?-b? b V-4a?-b?
2a-ib) Tan[l(ﬂ+4jx)]
(m-4ix) ArcTanh | 4 ] -
V-4 a?%-b?
a (2a+ib) Cot[+ (m+41ix)]
ArcCos [ - | +21iArcTanh| 4
Log[|(2ia+b) (—21a+b+«/—4a2—b2) {1+jCot[E (7r+41'1x”))/
4

] _

[b [Zja+b+jx/—4a2—b2 cOt[1 (r+aix)]

4
2ia 2a+ib) Cot|[; (m+4ix)]
ArcCos [~ =] - 2i ArcTanh| 4 ]
b V-4a2-b?
{(211a+b) (2ia-b+V-4a2-b7 | (j+Cot[i(n+4jx)])]
Log +
b( a-ib++-4a2-b2 Cot[ <7T+4Jix)])
2ia (2a+ib) Cot[+ (m+41ix)]
ArcCos [— 7] -2 1 ArcTanh [ 4 } -
b V-4aZ-b?
(2a-ib) Tan[L (n+4ix)] (1-1)V-aa?-p? e
ZJiAr'cTanh[ 2 Log[ 22 ]+
\/-4a2- b2 A2 v/-ib +a+bCosh[x] Sinh[x]
a (2a+ib) Cot|; (m+4ix)]
ArcCos | - | +21 |ArcTanh| 4 |+
b V-4aZ-p?
(2a-ib) Tan[+ (n+4ix)] (-1)Y4 /422 b7 &
Ar‘cTanh[ 1 } Log[ +
\/-4a2- b2 2+/-1ib \/a+bCosh[x] Sinh[x]
i [Polylog|2, ((21’1a+\/—4a2—b2 [21a+b_m/ Cot | n+41x)] ]/
[b 2ia+b+in-4a*-b? Co‘t[1<7r+4]'lx)] ]]_
4
PolyLog|2, ([2a+1’1x/—4a2—b2J ( 2a+ib+qf- Cot | 7r+4]'lx)] )/

[b (21’1a+b+1’1w/—4a2—b2 cOt[1 (r+aix)]
4

)
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Problem 871: Unable to integrate problem.

JFC (a+bx) Sinh[d + e x]" dx

Optimal (type 5, 95leaves, 2 steps):

1 (1 _ ez (d+e x) > -n F¢ (a+bx)

7en—bcLog[F]

en-bclLog[F 1 bcLog[F
Hypergeometric2F1|-n, _—g[], “l2-n+ beloglF] , @ @) ] sinh[d+ex]"

2e 2 e
Result (type 8, 20leaves):

JFC (@bX) sinh[d + e x]" dx

Problem 882: Result more than twice size of optimal antiderivative.

Jec*dx Csch[a+bx]?dx

Optimal (type 5, 54 leaves, 1step):

4 ec+dx+2 (2:5X) Hypergeometric2F1[2, 1+ 2%, 2+ 4, e2(abx]

2b+d
Result (type 5, 133 leaves):
1 2 d . d d 2w
~e 2e?? | (2b+d) e*Hypergeometric2F1[1, —, 1+ ——, e* (@Y ] _
b 2b 2b
(2b+d) x . d d 2 (a+bx)
de Hypergeometric2F1[1, 1+ —, 2+ —, e ]
2b 2b

((2b+d) (—1+eza))) +e9%Csch[a] Csch[a+bx] Sinh[bx]

Problem 884: Unable to integrate problem.

JFC (3+bx) cosh[d + e x]" dx

Optimal (type 5, 95 leaves, 2 steps):

e (1+e?(@rex) )M (a2 Cosh[d+ex]"
en-bclLog[F]

7enfbcLog[F]

2e

1 b cLog[F]
,y —|2-ns —————|, -e
2 e

Hypergeometric2F1|[-n, 2 (drex) |

Result (type 8, 20leaves):

JFC (a+bx) cosh[d + e x]" dx
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Problem 889: Result more than twice size of optimal antiderivative.

Jea*b" Sech[c+dx]?dx

Optimal (type 5, 56 leaves, 1step):

4 e2+0x+2 (c¢+dX) Hypergeometric2F1[2, 1+ i, 2+ i, -e2 (c+dn) ]

b+2d

Result (type 5, 138 leaves):

) 1 — e(®2d) xHypergeometric2F1[1, 1+ i, 2+ i, -2 (cxdx) | )
d (1+<ezc) b+2d
@bXHyPEPgEOmetr‘iCZFl[l: i, 1+ %) —ez (C+C|X)} . ea+bx SeCh[C] Sech[c +dx} Sinh[d X]
b d
Problem 891: Unable to integrate problem.
JFC (@abX) sach[d + e x]" dx
Optimal (type 5, 90 leaves, 2 steps):
1 <1+62(d+ex))n Fac+bcx
en+bclog[F]
bcLog|F bcLog[F
Hypergeometric2Fi|n, en+bcloglf) , 1+ en+bcloglf) , —e? e ] sech[d+ex]"
2e 2e
Result (type 8, 20leaves):
JFC (36X sech[d + e x]" dx
Problem 892: Unable to integrate problem.
JFC (a+bx) cschd + e x]" dx
Optimal (type 5, 91 leaves, 2 steps):
_ 1 (17(8_2(d+ex))nFaC+bCXCSCh[d+eX]n
en-bclog[F]
-bclog[F] 1 bc Log[F
Hypergeometric2F1|n, w, = l2+n- betloglF] , @2 (dex]
2e 2 e

Result (type 8, 20leaves):

JFC (@abX) cschd + e x]" dx
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Problem 899: Result more than twice size of optimal antiderivative.

F¢ (a+b x)
J dx
f+fCosh[d+ex]

Optimal (type 5, 61 leaves, 2 steps):

bl

bclLog[F bclog[F
2 e*ex Fe (3+bX) Hypergeometric2F1 2, 1+ betoglf] -, 7g[}, -edex] )/
e e

(f (e+bclogl[F]))
Result (type 5, 213 leaves):

1
ef (1+Cosh[d+ex}) (e+bcLog[F])

< vex) (ebcLog[F]
2F "% cosh[ > (d-ex)] [-bce S P Cosh[ = (d+ex)]
2 2
Hypergeometric2F1[1, 1+ bclog(F] 2+bcl_07g[F]

, —e®®X] Log[F] +

)

e e
SACAE) Cosh[l (d +ex) | Hypergeometric2Fi|1, bclog[F) , 1+ bcLog[F] , —edex]
2 e e
c(a+b(i+x)) . 1
(e+bclog[F]) +F . (e+bclog[F]) Sinh[= (d+ex) |
2

Problem 900: Result more than twice size of optimal antiderivative.

F¢ (a+b x)
J dx
(f+fCosh[d+ex])?

Optimal (type 5, 151 leaves, 3 steps):

1 bcLog[F bclLog[F
2 edrex Fe (20X Hypergeometric2F1[2, 1+ betloglf] 2+ betoglf]

B s _ed+ex]
3e?f2 e

e
b c FC(@0X) |og[F] Sech[g + %}2 Fe (asbx) Sech[§+ TX]ZTanh[%Jr %]
(e-bclog[F]) + +
6 e? f2 6ef?

Result (type 5, 712leaves):
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c(fbd+ae)+2bclf+%] d  exi2
2bcF e . Cosh[;+7] Log[F]
+
3 e2 (F+-FCosh[d+ex])2
1 c(-bdiae) d ex-a
8bcF < Cosh[—+—] Log[F] (-e+bcLog[F])
3e* (f+fCosh[d+ex])? 2 2
1 ac_g_c[fbmaehz“[%’%]
(e+bclog(F]) [-—————eF“ v . e Hypergeometric2Fi[1,
2bclog[F]
ac b dic\—b:oae\ ‘2‘ 2‘ LOg{FJ
d ex
(e 2 ERYTS
bcLog[F] bcLog[F] 2 (4.2 o
, + , —€@ \2 2 }+ ee
e e
bed c(-bd ® ‘E‘TJ Log|[F] ac 2 [b:‘ 2“‘57‘ Log[F|
1+ PR > -2- d
2[3+%) : o
d ex
25 ] Hypergeometric2F1 |
e+bclLog[F e+bclLog[F d,ex
, glFl g”,_ez(z2)}/(z(e+bcLog[F])) .
e e
C(’“*“Hm d  ex . d , ex d, ex
2F . e Cosh[;+ 7] Slnh[;Jr 7] c<,ba+ae1+“‘l§*7) d ex;,s3
+ |4F - e Cosh[*+f]
2 2

3e (f+fCosh[d+ex])?

exX

(e* - b c? Log[F]?) Sinh[g v —]

/<3e3 (f+fCosh[d+ex})2)
2 2

Problem 937: Result is not expressed in closed-form.
Jex Sech[2x] Tanh[2 x] dx

Optimal (type 3, 113 leaves, 12 steps):

| 167
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@3 Ar‘cTan[l—ﬁex] Ar‘cTan[1+ﬁeX] Log[l—\/?exwezx] Log[1+\/7ex+e2"]

- + +
1+e*x 22 22 42 42
Result (type 7, 48 leaves):
3x 1 X - Log[e* -1
- - = RootSum|1 +11* &, gle ] &
lre** 4 nl

Problem 938: Result is not expressed in closed-form.

jex Sech[2x]2Tanh[2x] dx

Optimal (type 3, 129leaves, 13 steps):

5 X X Ar‘cTan[l—\/?ex]
C(1eet)? 4 (1ee) 82 '
ArcTan[1++/2 €] Log[1-+v2 e*+e?*] Log[1+V2 e*+e?X]
82 _ 162 ) 162

Result (type 7, 57 leaves):

e (1+5e*)
- ——————" - —RootSum[1 + #1* &,
4 (1+e*)? 16 113

X - Log[eX - 1]

8]

Problem 939: Result is not expressed in closed-form.

Jex Sech[2x] Tanh[2 x]?dx

Optimal (type 3, 130leaves, 13 steps):
e3x 3e3% 5ArcTan[1-+/2 e*]
(1+e4x)2_4(1+e“)_ 8-/2
5ArcTan[1++/2 eX| 5Slog[1-+V2 e +e?*| 5log[1+V2 e +e?X]
82 ) 162 . 162

Result (type 7, 58 leaves):

+

e3x-3¢e7x 5 4 x - Log[eX - 1]
——————— - —— RootSum|[1 + 1% &,
4 (1+e*x)? 16 1l

8]

Problem 940: Result is not expressed in closed-form.

Jex Sech[2x]?Tanh[2 x]2dx

Optimal (type 3, 149leaves, 14 steps):
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4 g5% 55X 3 X 3Ar‘cTan[1—\/7<eX]
3(1+e4")376(1+e4x>278(1+®4X>7 162 '
3ArcTan[1++/2 e¥] 3log[1-+2 e*+e?*] 3log[l1+V2 e +e?]

16+/2 _ 32+/2 ' 32+/2

Result (type 7, 64 leaves):

1 ( 4e*(9+6e**+29e8X)

96

X - Log[e* - #1]

- 9 RootSum |1 + =1* &,
(1+e4x>3 13

8

Problem 949: Result more than twice size of optimal antiderivative.

Jec*dx Coth[a+bx] dx

Optimal (type 5, 53 leaves, 4 steps):

ecrdx 2 e X Hypergeometric2F1[1, Zd—b, 1+ i, @2 (3+0X) |

d d

Result (type 5, 1201leaves):

d : d d 2 (a+b
e 4x Coth[a] i 1 ) 2oc e XHypergeometr‘ltZFl[l, 2’ 1+ b’ © (a X)] i

d -1+e?? d

e(2b+d) X Hypergeometric2F1[1, 1+ zi’ 2+ 2, e2(ab0)]

b 2b

2b+d

Problem 985: Result more than twice size of optimal antiderivative.

Sech[x]?
J dx
2 +2Tanh[x] + Tanh[x]?

Optimal (type 3, 5leaves, 3 steps):
ArcTan[1 + Tanh[x]]

Result (type 3, 23 leaves):

1 (-ArcTan|Cosh[x] (Cosh[x] -Sinh[x]) ] +ArcTan[1+ Tanh[x]])
2

Problem 994: Result more than twice size of optimal antiderivative.

JSech [x]?Tanh[x]® (1-Tanh[x]?) ® dx

Optimal (type 3, 33 leaves, 4 steps):
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Tanh[x]7 Tanh[x]® 3Tanh[x]' Tanh[x]13
_ N _

7 3 11 13

Result (type 3, 67 leaves):

16 Tanh[x] 8Sech[x]2Tanh[x] 2Sech[x]*Tanh[x] 5Sech[x]®Tanh[x]
+ + +
3003 3003 1001 3003

53 8 27 10 1 1
—— Sech[x]® Tanh[x] + — Sech[x] ™ Tanh[x] - — Sech[x]*“ Tanh[x]
429 143 13

Problem 998: Result more than twice size of optimal antiderivative.
2
J Sech[x] dx
4 - Sech[x]?
Optimal (type 3, 9leaves, 2 steps):

ArcSinh| m]

V3

Result (type 3, 43 leaves):
ArcTanh|[ —=1MXL—— 1] /1,2 Cosh[2x] Sech[x]

1+2 Cosh[2x]

4 - Sech[x]?
Problem 999: Result more than twice size of optimal antiderivative.
2
J Sech[Xx] dx
1-4Tanh[x]?

Optimal (type 3, 9leaves, 2 steps):

1
— ArcSin[2 Tanh[x]]
2

Result (type 3, 52 leaves):

Ar‘cTanh[M—} n/=5+3Cosh[2x] Sech[x]
5.3 Cosh(2x]

2+/2-8Tanh[x]?

Problem 1000: Result more than twice size of optimal antiderivative.
J Sech[x]? dx
-4+ Tanh[x]?

Optimal (type 3, 14 leaves, 3 steps):
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Tanh [x]

ArcTanh [

]

-4 +Tanh[x]?

Result (type 3, 51leaves):

_/2 sinh[x]
ArcTan | 2251001 /5,3 Cosh[2x] Sech([x]
5+3 Cosh[2x]

2 A/ -4+ Tanh[x]?

Problem 1001: Result more than twice size of optimal antiderivative.

J 1+ Coth[x]? Sech[x]?dx

Optimal (type 3, 19leaves, 3 steps):

—ArcSinh[Coth[x]] ++/1+ Coth[x]? Tanh[x]
Result (type 3, 51 leaves):

1+ Coth[x]? Sech[2x] Sinh[x]

Cosh[x] .
[Cosh[x] —Ar‘cTan[—} v -Cosh[2x] +Sinh[x] Tanh[x]
1/ -Cosh[2x]

Problem 1002: Result more than twice size of optimal antiderivative.
JSech [x]2+/1+Tanh[x]? dx

Optimal (type 3, 24 leaves, 3 steps):

1 1
= ArcSinh[Tanh[x]] + — Tanh[x] A/ 1 + Tanh[x]?
2 2

Result (type 3, 49 leaves):

[Ar‘cTanh[M—} Cosh[x] ++/Cosh[2x] Tanh[x]

1+ Tanh[x]?
Cosh[2x]

2+/Cosh[2Xx]
Problem 1026: Result more than twice size of optimal antiderivative.
JCOSh [x]? (a+bCosh[x]?)?sinh[x] dx

Optimal (type 3, 36 leaves, 4 steps):
a(a+bcCosh(x]2)* (a+bCosh[x]2)®
- +

8 b2 10 b2

Result (type 3, 136 leaves):
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1
— |12 a?bCosh[x]*+8ab?Cosh[x]®+2b3Cosh[x]®+4a3Cosh[2x] +4a%bCosh[x]>Cosh[3x] +
32

1
a’Cosh[4x] + — ab® (48 Cosh[2x] + 36 Cosh[4x] + 16 Cosh[6x] + 3 Cosh[8x] ) +
32

1
—— b’ (140 Cosh[2 x] + 100 Cosh[4 x] + 5@ Cosh[6 x] + 15 Cosh[8x] +2 Cosh[18x] )
320

Problem 1027: Result more than twice size of optimal antiderivative.
JCosh [x] Sinh[x]? (a+bSinh[x]?) > dx
Optimal (type 3, 36 leaves, 4 steps):

a (a+bsinh(x]2)* (a+bSinh[x]2)®
- +
8 b2 10 b2

Result (type 3, 114 leaves):

(729 (642 +24ab%-7b%) Cosh[2x] +
10240

20 (16 2>+ 18ab? - 5b%) Cosh[4x] +b (719 (16a-5b) bCosh[6x] +
15 (2a-b) bCosh[8x] +2b? Cosh[10x] + 320 ((—4a+b>2—b2Cosh[2x]) Sinh[x]s))

Problem 1052: Result is not expressed in closed-form.

Cosh[a+bx]%-Sinh[a+bx]*
J dx

Cosh[a+bx]*+Sinh[a+bx]*
Optimal (type 3, 51leaves, 6 steps):
ArcTan[1-+/2 Tanh[a+bx]| ArcTan[1++/2 Tanh[a+bx]]

A2 b V2 b
Result (type 7, 194 leaves):

2b

Cosh[2a]

2bx - Log[e??* - #1] + 2bx#12 - Log[e?®X - #1] =12

RootSum[1+6e*? 11?2 + €22 1% &,

&] +
8]

311 + e*2 13

2bx 2 2bx 2
Rootsun |1 + 6 €7 11 -+ €32 11 g, -2bx+Log[e2®X-n1] +2bxn1% - Log[e?P* - nl1] #l

311+ e*? 113

Sinh[Za])
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Problem 1053: Result more than twice size of optimal antiderivative.
JCosh[a+bx}3Sinh[a+bx]3

Cosh[a+bx]3+Sinh[a+bx]3

dx

Optimal (type 3, 47 leaves, 5steps):

4 ArcTan [ 1-2Tanh[a+bx }

1
) 33 b 3b(1+Tanh(a+bx])
Result (type 3, 115leaves):

1
——(-Cosh[a+bx] +Sinh[a+bx])
18b

Sech[b Cosh[2 bx] -2Sinh[2 b
([3+8\EAPCT3H[ echibx] ( oshi2arbx] inhizax X])] Cosh[a+bx] +
V3
Sech[b Cosh[2 bx] -2Sinh[2 b
(—3+8\/?Ar‘cTan[ ech[bx) (Cosh| a+\/_Xl inhizax X])]]Sinh[a+bx]
3

Problem 1055: Result more than twice size of optimal antiderivative.

JCosh [a+bx] -Sinh[a +bx]
Cosh[a+bx] +Sinh[a +b x]

dx

Optimal (type 3, 22 leaves, 1 step):
1

2b (Cosh[a+bx] +Sinh[a+bx])2

Result (type 3, 65leaves):
7Cosh[2 a] Cosh[2bx] Cosh[2bx] Sinh[2a] Cosh[2a] Sinh[2b x] B Sinh[2 a] Sinh[2 b x]

2b 2b 2b 2b

Problem 1056: Result more than twice size of optimal antiderivative.

J—Csch[a+bx] +Sech[a+bx]
Csch[a+bx] +Sech[a+bXx]

dx

Optimal (type 3, 14 leaves, 2 steps):
1
b (1+Tanh[a+bx])

Result (type 3, 65leaves):

Cosh[2a] Cosh[2bx] Cosh[2bx] Sinh[2a] Cosh[2a] Sinh[2bx] Sinh[2a] Sinh[2b x]
- - +

2b 2b 2b 2b
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Problem 1059: Result is not expressed in closed-form.

-Csch[a+bx]%+Sech[a+bx]*
J dx

Csch[a+bx]%+Sech[a+bx]*
Optimal (type 3, 51leaves, 6 steps):
ArcTan[1-+/2 Tanh[a+bx]| ArcTan[1++/2 Tanh[a+bx]]

V2 b V2 b

Result (type 7, 194 leaves):

Cosh[2a]
2b

2bx 2 2bx 2
Rootsun[1 + 6 ¢t 512 + 08 120 &, 2bx - Log[e?®*-u1]| + 2bx 512 - Log[e?®X - u1] =1

&} +
3

311+ e*2 113

2bx 2 2bx 2
Rootsun |1+ 6 6*2 1% + €% 3 g, -2bx+Log[e2®* - u1] + 2bx11% - Log[e?®X - n1| nl

361 + e*2 113

Sinh[2a]
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Summary of Integration Test Results

1059 integration problems

A - 885 optimal antiderivatives

B - 69 more than twice size of optimal antiderivatives
C - 77 unnecessarily complex antiderivatives

D - 20 unable tointegrate problems

E - 8integration timeouts



